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STAT 479: Deep Learning, Spring 2019 

Sebastian Raschka 

http://stat.wisc.edu/~sraschka/teaching/stat479-ss2019/

Lecture 11

Feature Normalization and!
Weight Initialization

http://pages.stat.wisc.edu/~sraschka/teaching/stat479-ss2019/
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¥Input Normalization (BatchNorm, InstanceNorm, GroupNorm, 
LayerNorm) 

¥Weight Initialization (Xavier, Kaiming He) 

¥Optimization Algorithms (RMSProp, Adagrad, ADAM) !
-- after Spring Break

Overview: Additional Tricks for!
Neural Network Training
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Recap: Why We Normalize Inputs for Gradient Descent

w1
<latexit sha1_base64="mx/VFezHqvMY4WbFRc+kdsKvuk4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbTbt0swm7E6WE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+86t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AELJo2i</latexit>

w2
<latexit sha1_base64="qmpmSMS1f2q0FkcTJm+uMnFv//o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVinde8e4uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEMqo2j</latexit>

Surface of a convex cost function!
(for simplicity)

minimum

w2
<latexit sha1_base64="qmpmSMS1f2q0FkcTJm+uMnFv//o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVinde8e4uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEMqo2j</latexit>

w1
<latexit sha1_base64="mx/VFezHqvMY4WbFRc+kdsKvuk4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbTbt0swm7E6WE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+86t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AELJo2i</latexit>
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�j
<latexit sha1_base64="GSG5yknxkEDShk+Y1ybBQKfpdmU=">AAACHXicbZBNS8MwGMfT+TbnW9Wjl+AQvThaHehFGHrxOMG9wFpHmqVbXNKWJBVH6Rfx4lfx4kERD17Eb2O6VdDNPwR++T/PQ/L8vYhRqSzryyjMzS8sLhWXSyura+sb5uZWU4axwKSBQxaKtockYTQgDUUVI+1IEMQ9Rlre8CKrt+6IkDQMrtUoIi5H/YD6FCOlra5ZTe67t/vpTdKhbgrPIHR8gXCSuT/mIXR4rK+JI2mfI01ds2xVrLHgLNg5lEGuetf8cHohjjkJFGZIyo5tRcpNkFAUM5KWnFiSCOEh6pOOxgBxIt1kvF0K97TTg34o9AkUHLu/JxLEpRxxT3dypAZyupaZ/9U6sfJP3YQGUaxIgCcP+TGDKoRZVLBHBcGKjTQgLKj+K8QDpONROtCSDsGeXnkWmkcV+7hiX1XLtfM8jiLYAbvgANjgBNTAJaiDBsDgATyBF/BqPBrPxpvxPmktGPnMNvgj4/Mb38iibA==</latexit>

(scaled feature will have 
zero mean, unit variance)

(Keep in mind that we are using!
the same learning rate for all weights, so large parameters!
will dominate the updates)

"Standardization" of input features
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However, normalizing the inputs!
only a!ects the Þrst hidden layer ...!
what about the other hidden layers?
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Io!e, S., & Szegedy, C. (2015, June). Batch Normalization: Accelerating 
Deep Network Training by Reducing Internal Covariate Shift. In 
International Conference on Machine Learning (pp. 448-456).

http://proceedings.mlr.press/v37/io!e15.html

Batch Normalization
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Batch Normalization

¥ Normalization of inputs for hidden layers 

¥ Helps with exploding/vanishing gradient problems 

¥ Can increase training stability and convergence rate 

¥ Can be understood as additional normalization layers (with 
additional parameters)
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x1
<latexit sha1_base64="5HJHR/B9CHeIlPgqihTyAybn2c4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEMWo2i</latexit>

x2
<latexit sha1_base64="gBTwEt+X3BPX1KgMo6lYVWIC09o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindece8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEN3o2j</latexit>

a(1)
1

<latexit sha1_base64="51Rbp1GGPW28qr7Kl7NY0LPiq2o=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquCnosevFYwX5Iu5Zsmm1Dk+ySZIWy9Fd48aCIV3+ON/+N6XYP2vpg4PHeDDPzgpgzbVz32ymsrK6tbxQ3S1vbO7t75f2Dlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB+Gbmt5+o0iyS92YSU1/goWQhI9hY6QH3vce06p1O++WKW3MzoGXi5aQCORr98ldvEJFEUGkIx1p3PTc2foqVYYTTaamXaBpjMsZD2rVUYkG1n2YHT9GJVQYojJQtaVCm/p5IsdB6IgLbKbAZ6UVvJv7ndRMTXvkpk3FiqCTzRWHCkYnQ7Hs0YIoSwyeWYKKYvRWREVaYGJtRyYbgLb68TFpnNe+85t5dVOrXeRxFOIJjqIIHl1CHW2hAEwgIeIZXeHOU8+K8Ox/z1oKTzxzCHzifP5zWj58=</latexit>

a(1)2
<latexit sha1_base64="UEIEXkJI4Qcu+777LfA5dwpJBR0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuK+ix6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0gPuVx/Tsnc+7RdLbsWdA60SLyMlyNDoF796g4gkgkpDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lEguq/XR+8BSdWWWAwkjZkgbN1d8TKRZaT0RgOwU2I73szcT/vG5iwis/ZTJODJVksShMODIRmn2PBkxRYvjEEkwUs7ciMsIKE2MzKtgQvOWXV0mrWvFqFffuolS/zuLIwwmcQhk8uIQ63EIDmkBAwDO8wpujnBfn3flYtOacbOYY/sD5/AGeYI+g</latexit>

a(1)3
<latexit sha1_base64="F0cJIqijoEg/scv4wVZxoymO2Dc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquLeix6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0gPuVx/Tsnc+7RdLbsWdA60SLyMlyNDoF796g4gkgkpDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lEguq/XR+8BSdWWWAwkjZkgbN1d8TKRZaT0RgOwU2I73szcT/vG5iwis/ZTJODJVksShMODIRmn2PBkxRYvjEEkwUs7ciMsIKE2MzKtgQvOWXV0nrouJVK+5drVS/zuLIwwmcQhk8uIQ63EIDmkBAwDO8wpujnBfn3flYtOacbOYY/sD5/AGf6o+h</latexit>

a(2)2
<latexit sha1_base64="Rx/RXsiT+s/v11w3kFUY/JZyKRU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuK+ix6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0gPuVx/TcvV82i+W3Io7B1olXkZKkKHRL371BhFJBJWGcKx113Nj46dYGUY4nRZ6iaYxJmM8pF1LJRZU++n84Ck6s8oAhZGyJQ2aq78nUiy0nojAdgpsRnrZm4n/ed3EhFd+ymScGCrJYlGYcGQiNPseDZiixPCJJZgoZm9FZIQVJsZmVLAheMsvr5JWteLVKu7dRal+ncWRhxM4hTJ4cAl1uIUGNIGAgGd4hTdHOS/Ou/OxaM052cwx/IHz+QOf5o+h</latexit>

a(2)1
<latexit sha1_base64="vfx38n+ae04OFRd5luhElMypRJ0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuK+ix6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0gPue49puXo+7RdLbsWdA60SLyMlyNDoF796g4gkgkpDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lEguq/XR+8BSdWWWAwkjZkgbN1d8TKRZaT0RgOwU2I73szcT/vG5iwis/ZTJODJVksShMODIRmn2PBkxRYvjEEkwUs7ciMsIKE2MzKtgQvOWXV0mrWvFqFffuolS/zuLIwwmcQhk8uIQ63EIDmkBAwDO8wpujnBfn3flYtOacbOYY/sD5/AGeXI+g</latexit>

o1
<latexit sha1_base64="P19Wda8vivmLhYYW0RO0w4mIIBA=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0DJoYxnRmEByhL3NXrJkb/fYnRNCyE+wsVDE1l9k579xk1yhiQ8GHu/NMDMvSqWw6PvfXmFldW19o7hZ2tre2d0r7x88Wp0ZxhtMS21aEbVcCsUbKFDyVmo4TSLJm9HwZuo3n7ixQqsHHKU8TGhfiVgwik66192gW674VX8GskyCnFQgR71b/ur0NMsSrpBJam078FMMx9SgYJJPSp3M8pSyIe3ztqOKJtyG49mpE3LilB6JtXGlkMzU3xNjmlg7SiLXmVAc2EVvKv7ntTOMr8KxUGmGXLH5ojiTBDWZ/k16wnCGcuQIZUa4WwkbUEMZunRKLoRg8eVl8nhWDc6r/t1FpXadx1GEIziGUwjgEmpwC3VoAIM+PMMrvHnSe/HevY95a8HLZw7hD7zPH/6VjZk=</latexit>

o2
<latexit sha1_base64="lp3ZeQ57DPk1EUCeNsK7Ny2DKe8=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexWQY9FLx4r2g9ol5JNs21oNlmSrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJKPdpKwICZDySNOiXXSg+rX+uWKV/XmwKvEz0kFcjT65a/eQNE0ZtJSQYzp+l5ig4xoy6lg01IvNSwhdEyGrOuoJDEzQTY/dYrPnDLAkdKupMVz9fdERmJjJnHoOmNiR2bZm4n/ed3URtdBxmWSWibpYlGUCmwVnv2NB1wzasXEEUI1d7diOiKaUOvSKbkQ/OWXV0mrVvUvqt79ZaV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwAAKI2a</latexit>

L(y,o)
<latexit sha1_base64="jRuGYuNAf6C7yfYguq+x/vIHq08=">AAACDHicbZDLSsNAFIYnXmu9VV26GSxCBSmJCrosunHhooK9QBvKZDpph05mwsxECCEP4MZXceNCEbc+gDvfxkkaQVt/GPj4zznMOb8XMqq0bX9ZC4tLyyurpbXy+sbm1nZlZ7etRCQxaWHBhOx6SBFGOWlpqhnphpKgwGOk402usnrnnkhFBb/TcUjcAI049SlG2liDSrUfID3GiCU3aS1nz0/i9Bj+sEiPTJddt3PBeXAKqIJCzUHlsz8UOAoI15ghpXqOHWo3QVJTzEha7keKhAhP0Ij0DHIUEOUm+TEpPDTOEPpCmsc1zN3fEwkKlIoDz3RmK6rZWmb+V+tF2r9wE8rDSBOOpx/5EYNawCwZOKSSYM1iAwhLanaFeIwkwtrkVzYhOLMnz0P7pO6c1u3bs2rjsoijBPbBAagBB5yDBrgGTdACGDyAJ/ACXq1H69l6s96nrQtWMbMH/sj6+AYGV5uW</latexit>

y1
<latexit sha1_base64="sJdgXiAVm2a4S+4dRd3rRrYB1HY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK1hbaUDbbTbt0swm7EyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjLdYLGPdCajhUijeQoGSdxLNaRRI3g7GN1O//cS1EbF6wCzhfkSHSoSCUbTSfdb3+tWaW3dnIMvEK0gNCjT71a/eIGZpxBUySY3pem6Cfk41Cib5pNJLDU8oG9Mh71qqaMSNn89OnZATqwxIGGtbCslM/T2R08iYLApsZ0RxZBa9qfif100xvPJzoZIUuWLzRWEqCcZk+jcZCM0ZyswSyrSwtxI2opoytOlUbAje4svL5PGs7p3X3buLWuO6iKMMR3AMp+DBJTTgFprQAgZDeIZXeHOk8+K8Ox/z1pJTzBzCHzifPw3gjaM=</latexit>

y2
<latexit sha1_base64="fJxEJZDwIRAXzsny9UbZpYFPXZ4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHkyXoR3QoecgZNVZ6yPq1frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYf0KV4UzgtNRLNSaUjekQu5ZKGqH2J/NTp+TMKgMSxsqWNGSu/p6Y0EjrLApsZ0TNSC97M/E/r5ua8NqfcJmkBiVbLApTQUxMZn+TAVfIjMgsoUxxeythI6ooMzadkg3BW355lbRqVe+i6t5fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AEPZI2k</latexit>

y3
<latexit sha1_base64="85kz+6+8sUyRlr+84amQIqvMQLQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0msoMeiF48V7Qe0oWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHkyXoR3QoecgZNVZ6yPq1frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYf0KV4UzgtNRLNSaUjekQu5ZKGqH2J/NTp+TMKgMSxsqWNGSu/p6Y0EjrLApsZ0TNSC97M/E/r5ua8NqfcJmkBiVbLApTQUxMZn+TAVfIjMgsoUxxeythI6ooMzadkg3BW355lbQuql6t6t5fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AEQ6I2l</latexit>

a(1)4
<latexit sha1_base64="uxWzlquY+EeW/UpcO69SCXeIYtQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquLeix6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0gPu1x7Tsnc+7RdLbsWdA60SLyMlyNDoF796g4gkgkpDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lEguq/XR+8BSdWWWAwkjZkgbN1d8TKRZaT0RgOwU2I73szcT/vG5iwis/ZTJODJVksShMODIRmn2PBkxRYvjEEkwUs7ciMsIKE2MzKtgQvOWXV0nrouJVK+5drVS/zuLIwwmcQhk8uIQ63EIDmkBAwDO8wpujnBfn3flYtOacbOYY/sD5/AGhdI+i</latexit>

a(1)
5

<latexit sha1_base64="NHK0ywkULzi4Jl2BlAjdO8n2Yig=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquVfRY9OKxgv2Qdi3ZNNuGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Gbqt56o0iyS92YcU1/ggWQhI9hY6QH3Lh7Tsnc66RVLbsWdAS0TLyMlyFDvFb+6/YgkgkpDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lEguq/XR28ASdWKWPwkjZkgbN1N8TKRZaj0VgOwU2Q73oTcX/vE5iwis/ZTJODJVkvihMODIRmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvMWXl0nzrOJVK+7deal2ncWRhyM4hjJ4cAk1uIU6NICAgGd4hTdHOS/Ou/Mxb8052cwh/IHz+QOi/o+j</latexit>

a(2)3
<latexit sha1_base64="vBxbcVs2Wnfm0yi6DKhPPczIBHw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuK+ix6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0gPu1x7TcvV82i+W3Io7B1olXkZKkKHRL371BhFJBJWGcKx113Nj46dYGUY4nRZ6iaYxJmM8pF1LJRZU++n84Ck6s8oAhZGyJQ2aq78nUiy0nojAdgpsRnrZm4n/ed3EhFd+ymScGCrJYlGYcGQiNPseDZiixPCJJZgoZm9FZIQVJsZmVLAheMsvr5JWteLVKu7dRal+ncWRhxM4hTJ4cAl1uIUGNIGAgGd4hTdHOS/Ou/OxaM052cwx/IHz+QOhcI+i</latexit>

a(2)
4

<latexit sha1_base64="vsgJntgqeAyiGWhpRcem3fXieTw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuLeix6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0gPu1x7TcvV82i+W3Io7B1olXkZKkKHRL371BhFJBJWGcKx113Nj46dYGUY4nRZ6iaYxJmM8pF1LJRZU++n84Ck6s8oAhZGyJQ2aq78nUiy0nojAdgpsRnrZm4n/ed3EhFd+ymScGCrJYlGYcGQiNPseDZiixPCJJZgoZm9FZIQVJsZmVLAheMsvr5JWteJdVNy7Wql+ncWRhxM4hTJ4cAl1uIUGNIGAgGd4hTdHOS/Ou/OxaM052cwx/IHz+QOi+o+j</latexit>

o3
<latexit sha1_base64="wT+53Eb88nVtTpSfn4qk4kRsjrU=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexaQY9FLx4r2g9ol5JNs21oNlmSrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJKPdpKwICZDySNOiXXSg+rX+uWKV/XmwKvEz0kFcjT65a/eQNE0ZtJSQYzp+l5ig4xoy6lg01IvNSwhdEyGrOuoJDEzQTY/dYrPnDLAkdKupMVz9fdERmJjJnHoOmNiR2bZm4n/ed3URtdBxmWSWibpYlGUCmwVnv2NB1wzasXEEUI1d7diOiKaUOvSKbkQ/OWXV0nrourXqt79ZaV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwABrI2b</latexit>

Suppose, we have net input z(2)
1

<latexit sha1_base64="1DVaoxm3QRMSqTsntv9ubd0y06E=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6p5z2k5erppFcsuRV3BrRMvIyUIEO9V/zq9iOSCCoN4VjrjufGxk+xMoxwOil0E01jTEZ4QDuWSiyo9tPZwRN0YpU+CiNlSxo0U39PpFhoPRaB7RTYDPWiNxX/8zqJCS/9lMk4MVSS+aIw4chEaPo96jNFieFjSzBRzN6KyBArTIzNqGBD8BZfXibNasU7q3i356XaVRZHHo7gGMrgwQXU4Abq0AACAp7hFd4c5bw4787HvDXnZDOH8AfO5w/FWo+6</latexit>

associated with an activation in the 2nd hidden layer
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Now, consider all examples in a minibatch such that the net input of a 
given training example !
at layer 2 is written as

x1
<latexit sha1_base64="5HJHR/B9CHeIlPgqihTyAybn2c4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEMWo2i</latexit>

x2
<latexit sha1_base64="gBTwEt+X3BPX1KgMo6lYVWIC09o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindece8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEN3o2j</latexit>

a(1)
1

<latexit sha1_base64="51Rbp1GGPW28qr7Kl7NY0LPiq2o=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquCnosevFYwX5Iu5Zsmm1Dk+ySZIWy9Fd48aCIV3+ON/+N6XYP2vpg4PHeDDPzgpgzbVz32ymsrK6tbxQ3S1vbO7t75f2Dlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB+Gbmt5+o0iyS92YSU1/goWQhI9hY6QH3vce06p1O++WKW3MzoGXi5aQCORr98ldvEJFEUGkIx1p3PTc2foqVYYTTaamXaBpjMsZD2rVUYkG1n2YHT9GJVQYojJQtaVCm/p5IsdB6IgLbKbAZ6UVvJv7ndRMTXvkpk3FiqCTzRWHCkYnQ7Hs0YIoSwyeWYKKYvRWREVaYGJtRyYbgLb68TFpnNe+85t5dVOrXeRxFOIJjqIIHl1CHW2hAEwgIeIZXeHOU8+K8Ox/z1oKTzxzCHzifP5zWj58=</latexit>

a(1)2
<latexit sha1_base64="UEIEXkJI4Qcu+777LfA5dwpJBR0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuK+ix6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0gPuVx/Tsnc+7RdLbsWdA60SLyMlyNDoF796g4gkgkpDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lEguq/XR+8BSdWWWAwkjZkgbN1d8TKRZaT0RgOwU2I73szcT/vG5iwis/ZTJODJVksShMODIRmn2PBkxRYvjEEkwUs7ciMsIKE2MzKtgQvOWXV0mrWvFqFffuolS/zuLIwwmcQhk8uIQ63EIDmkBAwDO8wpujnBfn3flYtOacbOYY/sD5/AGeYI+g</latexit>

a(1)3
<latexit sha1_base64="F0cJIqijoEg/scv4wVZxoymO2Dc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquLeix6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0gPuVx/Tsnc+7RdLbsWdA60SLyMlyNDoF796g4gkgkpDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lEguq/XR+8BSdWWWAwkjZkgbN1d8TKRZaT0RgOwU2I73szcT/vG5iwis/ZTJODJVksShMODIRmn2PBkxRYvjEEkwUs7ciMsIKE2MzKtgQvOWXV0nrouJVK+5drVS/zuLIwwmcQhk8uIQ63EIDmkBAwDO8wpujnBfn3flYtOacbOYY/sD5/AGf6o+h</latexit>

a(2)2
<latexit sha1_base64="Rx/RXsiT+s/v11w3kFUY/JZyKRU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuK+ix6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0gPuVx/TcvV82i+W3Io7B1olXkZKkKHRL371BhFJBJWGcKx113Nj46dYGUY4nRZ6iaYxJmM8pF1LJRZU++n84Ck6s8oAhZGyJQ2aq78nUiy0nojAdgpsRnrZm4n/ed3EhFd+ymScGCrJYlGYcGQiNPseDZiixPCJJZgoZm9FZIQVJsZmVLAheMsvr5JWteLVKu7dRal+ncWRhxM4hTJ4cAl1uIUGNIGAgGd4hTdHOS/Ou/OxaM052cwx/IHz+QOf5o+h</latexit>

a(2)1
<latexit sha1_base64="vfx38n+ae04OFRd5luhElMypRJ0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuK+ix6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0gPue49puXo+7RdLbsWdA60SLyMlyNDoF796g4gkgkpDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lEguq/XR+8BSdWWWAwkjZkgbN1d8TKRZaT0RgOwU2I73szcT/vG5iwis/ZTJODJVksShMODIRmn2PBkxRYvjEEkwUs7ciMsIKE2MzKtgQvOWXV0mrWvFqFffuolS/zuLIwwmcQhk8uIQ63EIDmkBAwDO8wpujnBfn3flYtOacbOYY/sD5/AGeXI+g</latexit>

o1
<latexit sha1_base64="P19Wda8vivmLhYYW0RO0w4mIIBA=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0DJoYxnRmEByhL3NXrJkb/fYnRNCyE+wsVDE1l9k579xk1yhiQ8GHu/NMDMvSqWw6PvfXmFldW19o7hZ2tre2d0r7x88Wp0ZxhtMS21aEbVcCsUbKFDyVmo4TSLJm9HwZuo3n7ixQqsHHKU8TGhfiVgwik66192gW674VX8GskyCnFQgR71b/ur0NMsSrpBJam078FMMx9SgYJJPSp3M8pSyIe3ztqOKJtyG49mpE3LilB6JtXGlkMzU3xNjmlg7SiLXmVAc2EVvKv7ntTOMr8KxUGmGXLH5ojiTBDWZ/k16wnCGcuQIZUa4WwkbUEMZunRKLoRg8eVl8nhWDc6r/t1FpXadx1GEIziGUwjgEmpwC3VoAIM+PMMrvHnSe/HevY95a8HLZw7hD7zPH/6VjZk=</latexit>

o2
<latexit sha1_base64="lp3ZeQ57DPk1EUCeNsK7Ny2DKe8=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexWQY9FLx4r2g9ol5JNs21oNlmSrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJKPdpKwICZDySNOiXXSg+rX+uWKV/XmwKvEz0kFcjT65a/eQNE0ZtJSQYzp+l5ig4xoy6lg01IvNSwhdEyGrOuoJDEzQTY/dYrPnDLAkdKupMVz9fdERmJjJnHoOmNiR2bZm4n/ed3URtdBxmWSWibpYlGUCmwVnv2NB1wzasXEEUI1d7diOiKaUOvSKbkQ/OWXV0mrVvUvqt79ZaV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwAAKI2a</latexit>

a(1)4
<latexit sha1_base64="uxWzlquY+EeW/UpcO69SCXeIYtQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquLeix6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0gPu1x7Tsnc+7RdLbsWdA60SLyMlyNDoF796g4gkgkpDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lEguq/XR+8BSdWWWAwkjZkgbN1d8TKRZaT0RgOwU2I73szcT/vG5iwis/ZTJODJVksShMODIRmn2PBkxRYvjEEkwUs7ciMsIKE2MzKtgQvOWXV0nrouJVK+5drVS/zuLIwwmcQhk8uIQ63EIDmkBAwDO8wpujnBfn3flYtOacbOYY/sD5/AGhdI+i</latexit>

a(1)
5

<latexit sha1_base64="NHK0ywkULzi4Jl2BlAjdO8n2Yig=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquVfRY9OKxgv2Qdi3ZNNuGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Gbqt56o0iyS92YcU1/ggWQhI9hY6QH3Lh7Tsnc66RVLbsWdAS0TLyMlyFDvFb+6/YgkgkpDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lEguq/XR28ASdWKWPwkjZkgbN1N8TKRZaj0VgOwU2Q73oTcX/vE5iwis/ZTJODJVkvihMODIRmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvMWXl0nzrOJVK+7deal2ncWRhyM4hjJ4cAk1uIU6NICAgGd4hTdHOS/Ou/Mxb8052cwh/IHz+QOi/o+j</latexit>

a(2)3
<latexit sha1_base64="vBxbcVs2Wnfm0yi6DKhPPczIBHw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuK+ix6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0gPu1x7TcvV82i+W3Io7B1olXkZKkKHRL371BhFJBJWGcKx113Nj46dYGUY4nRZ6iaYxJmM8pF1LJRZU++n84Ck6s8oAhZGyJQ2aq78nUiy0nojAdgpsRnrZm4n/ed3EhFd+ymScGCrJYlGYcGQiNPseDZiixPCJJZgoZm9FZIQVJsZmVLAheMsvr5JWteLVKu7dRal+ncWRhxM4hTJ4cAl1uIUGNIGAgGd4hTdHOS/Ou/OxaM052cwx/IHz+QOhcI+i</latexit>

a(2)
4

<latexit sha1_base64="vsgJntgqeAyiGWhpRcem3fXieTw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuLeix6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0gPu1x7TcvV82i+W3Io7B1olXkZKkKHRL371BhFJBJWGcKx113Nj46dYGUY4nRZ6iaYxJmM8pF1LJRZU++n84Ck6s8oAhZGyJQ2aq78nUiy0nojAdgpsRnrZm4n/ed3EhFd+ymScGCrJYlGYcGQiNPseDZiixPCJJZgoZm9FZIQVJsZmVLAheMsvr5JWteJdVNy7Wql+ncWRhxM4hTJ4cAl1uIUGNIGAgGd4hTdHOS/Ou/OxaM052cwx/IHz+QOi+o+j</latexit>

o3
<latexit sha1_base64="wT+53Eb88nVtTpSfn4qk4kRsjrU=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexaQY9FLx4r2g9ol5JNs21oNlmSrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJKPdpKwICZDySNOiXXSg+rX+uWKV/XmwKvEz0kFcjT65a/eQNE0ZtJSQYzp+l5ig4xoy6lg01IvNSwhdEyGrOuoJDEzQTY/dYrPnDLAkdKupMVz9fdERmJjJnHoOmNiR2bZm4n/ed3URtdBxmWSWibpYlGUCmwVnv2NB1wzasXEEUI1d7diOiKaUOvSKbkQ/OWXV0nrourXqt79ZaV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwABrI2b</latexit>

i ! { 1, ..., n}
<latexit sha1_base64="xavMh8GCyfhKIMvpZVu3NIGfpu4=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyChxISFfRY9OKxgv2AJpTNdtsu3WzC7kYIof4VLx4U8eoP8ea/cdvmoK0PBh7vzTAzL0w4U9p1v63S2vrG5lZ5u7Kzu7d/YB8etVWcSkJbJOax7IZYUc4EbWmmOe0mkuIo5LQTTm5nfueRSsVi8aCzhAYRHgk2ZARrI/XtKkM+E8jPvTpyHKeOhD/t2zXXcedAq8QrSA0KNPv2lz+ISRpRoQnHSvU8N9FBjqVmhNNpxU8VTTCZ4BHtGSpwRFWQz4+folOjDNAwlqaERnP190SOI6WyKDSdEdZjtezNxP+8XqqH10HORJJqKshi0TDlSMdolgQaMEmJ5pkhmEhmbkVkjCUm2uRVMSF4yy+vkva541043v1lrXFTxFGGYziBM/DgChpwB01oAYEMnuEV3qwn68V6tz4WrSWrmKnCH1ifP3y5krk=</latexit>

where

In the next slides, let's omit the layer 
index, as it may be distracting...

z(2)[ i]
1

<latexit sha1_base64="h3wsgVN87oEGw0nFBa6FKhw7OeY=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mqoMeiF48V7AekadlsN+3SzSbsbpQa8j+8eFDEq//Fm//GbZuDtj4YeLw3w8w8P+ZMadv+tlZW19Y3Ngtbxe2d3b390sFhS0WJJLRJIh7Jjo8V5UzQpmaa004sKQ59Ttv++Gbqtx+oVCwS93oSUy/EQ8ECRrA2Uu+p7/TSSu0sdZmXZf1S2a7aM6Bl4uSkDDka/dJXdxCRJKRCE46Vch071l6KpWaE06zYTRSNMRnjIXUNFTikyktnV2fo1CgDFETSlNBopv6eSHGo1CT0TWeI9UgtelPxP89NdHDlpUzEiaaCzBcFCUc6QtMI0IBJSjSfGIKJZOZWREZYYqJNUEUTgrP48jJp1arOedW5uyjXr/M4CnAMJ1ABBy6hDrfQgCYQkPAMr/BmPVov1rv1MW9dsfKZI/gD6/MHvpWSBQ==</latexit>
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BatchNorm Step 1: Normalize Net Inputs

µj =
1
n

!

i

z[i ]
j

<latexit sha1_base64="iD6slSG69XRJ/P6UaG2r7Qr6f9w=">AAACEHicbVC7TsMwFHXKq5RXgJHFokIwVQkgwYJUwcJYJPqQmhA5rtO6tZ3IdpBKlE9g4VdYGECIlZGNv8F9DNBypCsdnXOv7r0nTBhV2nG+rcLC4tLySnG1tLa+sbllb+80VJxKTOo4ZrFshUgRRgWpa6oZaSWSIB4y0gwHVyO/eU+korG41cOE+Bx1BY0oRtpIgX3o8TTowwsIvUginLl5JnLoqZQHFD4E/bssa1M/zwO77FScMeA8caekDKaoBfaX14lxyonQmCGl2q6TaD9DUlPMSF7yUkUShAeoS9qGCsSJ8rPxQzk8MEoHRrE0JTQcq78nMsSVGvLQdHKke2rWG4n/ee1UR+d+RkWSaiLwZFGUMqhjOEoHdqgkWLOhIQhLam6FuIdMMNpkWDIhuLMvz5PGccU9qbg3p+Xq5TSOItgD++AIuOAMVME1qIE6wOARPINX8GY9WS/Wu/UxaS1Y05ld8AfW5w9PA5zK</latexit>

�2
j =

1

n

X

i

(z[i ]
j � µj )

2

<latexit sha1_base64="Kxx1/87hMgIScSq0BO+ahkkqQWk="></latexit>

z0
[i]
j =

z[i]j � µj

�j
<latexit sha1_base64="cTZJCSBPyPze6hHKcV7OLj0Ks3k=">AAACHnicbZDLSsQwFIZTr+N4q7p0ExxENw6tF3QjDLpxqeDoQFtLmknHjElbklQYQ5/Eja/ixoUigit9G9OxCx39IfDznXM4OX+UMSqV43xaY+MTk1PTtZn67Nz8wqK9tHwh01xg0sYpS0UnQpIwmpC2ooqRTiYI4hEjl9HNcVm/vCVC0jQ5V4OMBBz1EhpTjJRBob2n7zaKsH+ltUeDooCHEPqxQFjflbBkcAv6PA/7hfYl7XFkHAzthtN0hoJ/jVuZBqh0GtrvfjfFOSeJwgxJ6blOpgKNhKKYkaLu55JkCN+gHvGMTRAnMtDD8wq4bkgXxqkwL1FwSH9OaMSlHPDIdHKkruVorYT/1bxcxQeBpkmWK5Lg70VxzqBKYZkV7FJBsGIDYxAW1PwV4mtk0lEm0boJwR09+a+52G66O033bLfROqriqIFVsAY2gQv2QQucgFPQBhjcg0fwDF6sB+vJerXevlvHrGpmBfyS9fEFU+6img==</latexit>



Sebastian Raschka           STAT 479: Deep Learning            SS 2019 !10

BatchNorm Step 1: Normalize Net Inputs

µj =
1
n

!

i

z[i ]
j

<latexit sha1_base64="iD6slSG69XRJ/P6UaG2r7Qr6f9w=">AAACEHicbVC7TsMwFHXKq5RXgJHFokIwVQkgwYJUwcJYJPqQmhA5rtO6tZ3IdpBKlE9g4VdYGECIlZGNv8F9DNBypCsdnXOv7r0nTBhV2nG+rcLC4tLySnG1tLa+sbllb+80VJxKTOo4ZrFshUgRRgWpa6oZaSWSIB4y0gwHVyO/eU+korG41cOE+Bx1BY0oRtpIgX3o8TTowwsIvUginLl5JnLoqZQHFD4E/bssa1M/zwO77FScMeA8caekDKaoBfaX14lxyonQmCGl2q6TaD9DUlPMSF7yUkUShAeoS9qGCsSJ8rPxQzk8MEoHRrE0JTQcq78nMsSVGvLQdHKke2rWG4n/ee1UR+d+RkWSaiLwZFGUMqhjOEoHdqgkWLOhIQhLam6FuIdMMNpkWDIhuLMvz5PGccU9qbg3p+Xq5TSOItgD++AIuOAMVME1qIE6wOARPINX8GY9WS/Wu/UxaS1Y05ld8AfW5w9PA5zK</latexit>

�2
j =

1

n

X

i

(z[i ]
j � µj )

2

<latexit sha1_base64="Kxx1/87hMgIScSq0BO+ahkkqQWk="></latexit>

z0
[i]
j =

z[i]j � µj

�j
<latexit sha1_base64="cTZJCSBPyPze6hHKcV7OLj0Ks3k=">AAACHnicbZDLSsQwFIZTr+N4q7p0ExxENw6tF3QjDLpxqeDoQFtLmknHjElbklQYQ5/Eja/ixoUigit9G9OxCx39IfDznXM4OX+UMSqV43xaY+MTk1PTtZn67Nz8wqK9tHwh01xg0sYpS0UnQpIwmpC2ooqRTiYI4hEjl9HNcVm/vCVC0jQ5V4OMBBz1EhpTjJRBob2n7zaKsH+ltUeDooCHEPqxQFjflbBkcAv6PA/7hfYl7XFkHAzthtN0hoJ/jVuZBqh0GtrvfjfFOSeJwgxJ6blOpgKNhKKYkaLu55JkCN+gHvGMTRAnMtDD8wq4bkgXxqkwL1FwSH9OaMSlHPDIdHKkruVorYT/1bxcxQeBpkmWK5Lg70VxzqBKYZkV7FJBsGIDYxAW1PwV4mtk0lEm0boJwR09+a+52G66O033bLfROqriqIFVsAY2gQv2QQucgFPQBhjcg0fwDF6sB+vJerXevlvHrGpmBfyS9fEFU+6img==</latexit>

In practice:

For numerical stability, where epsilon 
is a small number like 1E-5

z0
[i]
j =

z[i]j � µjq
�2
j + ✏

<latexit sha1_base64="P+U9nRxp0b3JNLBqX3XzXT4h1O0="></latexit>
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BatchNorm Step 2: Pre-Activation Scaling

a! [i ]
j = ! j áz! [i ]

j + " j
<latexit sha1_base64="31SjWZyW5ZbmGL4Hkf1W/oFRZJA=">AAACInicbVDLSsNAFJ34tr6qLt0MFlEQSqKCuhCKblxWsCo0MdxMp3XqTBJmboQa8i1u/BU3LhR1JfgxTmsXvg4MHM45lzv3RKkUBl333RkZHRufmJyaLs3Mzs0vlBeXzkySacYbLJGJvojAcCli3kCBkl+kmoOKJD+Pro/6/vkN10Yk8Sn2Uh4o6MSiLRiglcLyfg7rRdi9zPOmCIqCHlDqd0ApCLvUZ60EaX77I7BJ/YijtcNyxa26A9C/xBuSChmiHpZf/VbCMsVjZBKMaXpuikEOGgWTvCj5meEpsGvo8KalMShugnxwYkHXrNKi7UTbFyMdqN8nclDG9FRkkwrwyvz2+uJ/XjPD9l6QizjNkMfsa1E7kxQT2u+LtoTmDGXPEmBa2L9SdgUaGNpWS7YE7/fJf8nZVtXbrnonO5Xa4bCOKbJCVskG8cguqZFjUicNwsgdeSBP5Nm5dx6dF+ftKzriDGeWyQ84H5+IfaOo</latexit>

These are learnable parameters

z0
[i]
j =

z[i]j � µjq
�2
j + ✏

<latexit sha1_base64="P+U9nRxp0b3JNLBqX3XzXT4h1O0="></latexit>
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BatchNorm Step 2: Pre-Activation Scaling

z0
[i]
j =

z[i]j � µj

�j
<latexit sha1_base64="cTZJCSBPyPze6hHKcV7OLj0Ks3k=">AAACHnicbZDLSsQwFIZTr+N4q7p0ExxENw6tF3QjDLpxqeDoQFtLmknHjElbklQYQ5/Eja/ixoUigit9G9OxCx39IfDznXM4OX+UMSqV43xaY+MTk1PTtZn67Nz8wqK9tHwh01xg0sYpS0UnQpIwmpC2ooqRTiYI4hEjl9HNcVm/vCVC0jQ5V4OMBBz1EhpTjJRBob2n7zaKsH+ltUeDooCHEPqxQFjflbBkcAv6PA/7hfYl7XFkHAzthtN0hoJ/jVuZBqh0GtrvfjfFOSeJwgxJ6blOpgKNhKKYkaLu55JkCN+gHvGMTRAnMtDD8wq4bkgXxqkwL1FwSH9OaMSlHPDIdHKkruVorYT/1bxcxQeBpkmWK5Lg70VxzqBKYZkV7FJBsGIDYxAW1PwV4mtk0lEm0boJwR09+a+52G66O033bLfROqriqIFVsAY2gQv2QQucgFPQBhjcg0fwDF6sB+vJerXevlvHrGpmBfyS9fEFU+6img==</latexit>

a! [i ]
j = ! j áz! [i ]

j + " j
<latexit sha1_base64="31SjWZyW5ZbmGL4Hkf1W/oFRZJA=">AAACInicbVDLSsNAFJ34tr6qLt0MFlEQSqKCuhCKblxWsCo0MdxMp3XqTBJmboQa8i1u/BU3LhR1JfgxTmsXvg4MHM45lzv3RKkUBl333RkZHRufmJyaLs3Mzs0vlBeXzkySacYbLJGJvojAcCli3kCBkl+kmoOKJD+Pro/6/vkN10Yk8Sn2Uh4o6MSiLRiglcLyfg7rRdi9zPOmCIqCHlDqd0ApCLvUZ60EaX77I7BJ/YijtcNyxa26A9C/xBuSChmiHpZf/VbCMsVjZBKMaXpuikEOGgWTvCj5meEpsGvo8KalMShugnxwYkHXrNKi7UTbFyMdqN8nclDG9FRkkwrwyvz2+uJ/XjPD9l6QizjNkMfsa1E7kxQT2u+LtoTmDGXPEmBa2L9SdgUaGNpWS7YE7/fJf8nZVtXbrnonO5Xa4bCOKbJCVskG8cguqZFjUicNwsgdeSBP5Nm5dx6dF+ftKzriDGeWyQ84H5+IfaOo</latexit>

Controls the spread or scale
Controls the mean
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BatchNorm Step 2: Pre-Activation Scaling

z0
[i]
j =

z[i]j � µj

�j
<latexit sha1_base64="cTZJCSBPyPze6hHKcV7OLj0Ks3k=">AAACHnicbZDLSsQwFIZTr+N4q7p0ExxENw6tF3QjDLpxqeDoQFtLmknHjElbklQYQ5/Eja/ixoUigit9G9OxCx39IfDznXM4OX+UMSqV43xaY+MTk1PTtZn67Nz8wqK9tHwh01xg0sYpS0UnQpIwmpC2ooqRTiYI4hEjl9HNcVm/vCVC0jQ5V4OMBBz1EhpTjJRBob2n7zaKsH+ltUeDooCHEPqxQFjflbBkcAv6PA/7hfYl7XFkHAzthtN0hoJ/jVuZBqh0GtrvfjfFOSeJwgxJ6blOpgKNhKKYkaLu55JkCN+gHvGMTRAnMtDD8wq4bkgXxqkwL1FwSH9OaMSlHPDIdHKkruVorYT/1bxcxQeBpkmWK5Lg70VxzqBKYZkV7FJBsGIDYxAW1PwV4mtk0lEm0boJwR09+a+52G66O033bLfROqriqIFVsAY2gQv2QQucgFPQBhjcg0fwDF6sB+vJerXevlvHrGpmBfyS9fEFU+6img==</latexit>

a! [i ]
j = ! j áz! [i ]

j + " j
<latexit sha1_base64="31SjWZyW5ZbmGL4Hkf1W/oFRZJA=">AAACInicbVDLSsNAFJ34tr6qLt0MFlEQSqKCuhCKblxWsCo0MdxMp3XqTBJmboQa8i1u/BU3LhR1JfgxTmsXvg4MHM45lzv3RKkUBl333RkZHRufmJyaLs3Mzs0vlBeXzkySacYbLJGJvojAcCli3kCBkl+kmoOKJD+Pro/6/vkN10Yk8Sn2Uh4o6MSiLRiglcLyfg7rRdi9zPOmCIqCHlDqd0ApCLvUZ60EaX77I7BJ/YijtcNyxa26A9C/xBuSChmiHpZf/VbCMsVjZBKMaXpuikEOGgWTvCj5meEpsGvo8KalMShugnxwYkHXrNKi7UTbFyMdqN8nclDG9FRkkwrwyvz2+uJ/XjPD9l6QizjNkMfsa1E7kxQT2u+LtoTmDGXPEmBa2L9SdgUaGNpWS7YE7/fJf8nZVtXbrnonO5Xa4bCOKbJCVskG8cguqZFjUicNwsgdeSBP5Nm5dx6dF+ftKzriDGeWyQ84H5+IfaOo</latexit>

Controls the spread or scale
Controls the mean

Technically, a BatchNorm layer could learn to perform 
"standardization" with zero mean and unit variance
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BatchNorm Step 1  & 2 Summarized

x1
<latexit sha1_base64="5HJHR/B9CHeIlPgqihTyAybn2c4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEMWo2i</latexit> a(1)

1
<latexit sha1_base64="51Rbp1GGPW28qr7Kl7NY0LPiq2o=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquCnosevFYwX5Iu5Zsmm1Dk+ySZIWy9Fd48aCIV3+ON/+N6XYP2vpg4PHeDDPzgpgzbVz32ymsrK6tbxQ3S1vbO7t75f2Dlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB+Gbmt5+o0iyS92YSU1/goWQhI9hY6QH3vce06p1O++WKW3MzoGXi5aQCORr98ldvEJFEUGkIx1p3PTc2foqVYYTTaamXaBpjMsZD2rVUYkG1n2YHT9GJVQYojJQtaVCm/p5IsdB6IgLbKbAZ6UVvJv7ndRMTXvkpk3FiqCTzRWHCkYnQ7Hs0YIoSwyeWYKKYvRWREVaYGJtRyYbgLb68TFpnNe+85t5dVOrXeRxFOIJjqIIHl1CHW2hAEwgIeIZXeHOU8+K8Ox/z1oKTzxzCHzifP5zWj58=</latexit>

z(1)
1

<latexit sha1_base64="Rx4MmlIzlMkTGZCiDYRfhhgcRVA=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9mooMeiF48V7Ie0tWTTbBuaZJckK9Slv8KLB0W8+nO8+W9M2z1o64OBx3szzMwLYsGN9f1vb2l5ZXVtPbeR39za3tkt7O3XTZRoymo0EpFuBsQwwRWrWW4Fa8aaERkI1giG1xO/8ci04ZG6s6OYdSTpKx5ySqyT7p+6+CEt4ZNxt1D0y/4UaJHgjBQhQ7Vb+Gr3IppIpiwVxJgW9mPbSYm2nAo2zrcTw2JCh6TPWo4qIpnppNODx+jYKT0URtqVsmiq/p5IiTRmJAPXKYkdmHlvIv7ntRIbXnZSruLEMkVni8JEIBuhyfeoxzWjVowcIVRzdyuiA6IJtS6jvAsBz7+8SOqnZXxWxrfnxcpVFkcODuEISoDhAipwA1WoAQUJz/AKb572Xrx372PWuuRlMwfwB97nD8PUj7k=</latexit>

z! (1)
1<latexit sha1_base64="rGcA4ISjDHCLet3FrAdgewQxTEQ=">AAAB83icbVBNSwMxEJ31s9avqkcvwSLWS9mooMeiF48V7Ae0a8mm2TY0m12SrFCX/RtePCji1T/jzX9j2u5BWx8MPN6bYWaeHwuujet+O0vLK6tr64WN4ubW9s5uaW+/qaNEUdagkYhU2yeaCS5Zw3AjWDtWjIS+YC1/dDPxW49MaR7JezOOmReSgeQBp8RYqZs+nWQ9/JBW8GnWK5XdqjsFWiQ4J2XIUe+Vvrr9iCYhk4YKonUHu7HxUqIMp4JlxW6iWUzoiAxYx1JJQqa9dHpzho6t0kdBpGxJg6bq74mUhFqPQ992hsQM9bw3Ef/zOokJrryUyzgxTNLZoiARyERoEgDqc8WoEWNLCFXc3orokChCjY2paEPA8y8vkuZZFZ9X8d1FuXadx1GAQziCCmC4hBrcQh0aQCGGZ3iFNydxXpx352PWuuTkMwfwB87nD/FUkPY=</latexit>

z0
[i]
j =

z[i]j � µj

�j
<latexit sha1_base64="cTZJCSBPyPze6hHKcV7OLj0Ks3k=">AAACHnicbZDLSsQwFIZTr+N4q7p0ExxENw6tF3QjDLpxqeDoQFtLmknHjElbklQYQ5/Eja/ixoUigit9G9OxCx39IfDznXM4OX+UMSqV43xaY+MTk1PTtZn67Nz8wqK9tHwh01xg0sYpS0UnQpIwmpC2ooqRTiYI4hEjl9HNcVm/vCVC0jQ5V4OMBBz1EhpTjJRBob2n7zaKsH+ltUeDooCHEPqxQFjflbBkcAv6PA/7hfYl7XFkHAzthtN0hoJ/jVuZBqh0GtrvfjfFOSeJwgxJ6blOpgKNhKKYkaLu55JkCN+gHvGMTRAnMtDD8wq4bkgXxqkwL1FwSH9OaMSlHPDIdHKkruVorYT/1bxcxQeBpkmWK5Lg70VxzqBKYZkV7FJBsGIDYxAW1PwV4mtk0lEm0boJwR09+a+52G66O033bLfROqriqIFVsAY2gQv2QQucgFPQBhjcg0fwDF6sB+vJerXevlvHrGpmBfyS9fEFU+6img==</latexit>

a!(1)
1<latexit sha1_base64="a8K0S67W8s7/fnpMEqnG3+G6IX4=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRaxXspGBT0WvXisYD+gXUs2zbah2eySZIWy7N/w4kERr/4Zb/4b03YP2vpg4PHeDDPz/FhwbVz32ymsrK6tbxQ3S1vbO7t75f2Dlo4SRVmTRiJSHZ9oJrhkTcONYJ1YMRL6grX98e3Ubz8xpXkkH8wkZl5IhpIHnBJjpV5KTrM+fkyr+CzrlytuzZ0BLROckwrkaPTLX71BRJOQSUMF0bqL3dh4KVGGU8GyUi/RLCZ0TIasa6kkIdNeOrs5QydWGaAgUrakQTP190RKQq0noW87Q2JGetGbiv953cQE117KZZwYJul8UZAIZCI0DQANuGLUiIklhCpub0V0RBShxsZUsiHgxZeXSeu8hi9q+P6yUr/J4yjCERxDFTBcQR3uoAFNoBDDM7zCm5M4L8678zFvLTj5zCH8gfP5A8p2kN0=</latexit>

a! [i ]
j = ! j áz! [i ]

j + " j
<latexit sha1_base64="31SjWZyW5ZbmGL4Hkf1W/oFRZJA=">AAACInicbVDLSsNAFJ34tr6qLt0MFlEQSqKCuhCKblxWsCo0MdxMp3XqTBJmboQa8i1u/BU3LhR1JfgxTmsXvg4MHM45lzv3RKkUBl333RkZHRufmJyaLs3Mzs0vlBeXzkySacYbLJGJvojAcCli3kCBkl+kmoOKJD+Pro/6/vkN10Yk8Sn2Uh4o6MSiLRiglcLyfg7rRdi9zPOmCIqCHlDqd0ApCLvUZ60EaX77I7BJ/YijtcNyxa26A9C/xBuSChmiHpZf/VbCMsVjZBKMaXpuikEOGgWTvCj5meEpsGvo8KalMShugnxwYkHXrNKi7UTbFyMdqN8nclDG9FRkkwrwyvz2+uJ/XjPD9l6QizjNkMfsa1E7kxQT2u+LtoTmDGXPEmBa2L9SdgUaGNpWS7YE7/fJf8nZVtXbrnonO5Xa4bCOKbJCVskG8cguqZFjUicNwsgdeSBP5Nm5dx6dF+ftKzriDGeWyQ84H5+IfaOo</latexit>

Þrst hidden layer

second hidden layer

...

z(2)
1

<latexit sha1_base64="1DVaoxm3QRMSqTsntv9ubd0y06E=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2Qdi3ZNNuGJtklyQp16a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f6p5z2k5erppFcsuRV3BrRMvIyUIEO9V/zq9iOSCCoN4VjrjufGxk+xMoxwOil0E01jTEZ4QDuWSiyo9tPZwRN0YpU+CiNlSxo0U39PpFhoPRaB7RTYDPWiNxX/8zqJCS/9lMk4MVSS+aIw4chEaPo96jNFieFjSzBRzN6KyBArTIzNqGBD8BZfXibNasU7q3i356XaVRZHHo7gGMrgwQXU4Abq0AACAp7hFd4c5bw4787HvDXnZDOH8AfO5w/FWo+6</latexit>

z! (2)
1<latexit sha1_base64="4GOHrLf7ihHsVS1lX0fTil/t05g=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBaxXkpSBT0WvXisYD+gjWWz3bRLN5uwuxFqyN/w4kERr/4Zb/4bN20O2vpg4PHeDDPzvIgzpW372yqsrK6tbxQ3S1vbO7t75f2DtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yU3mdx6pVCwU93oaUTfAI8F8RrA2Uj95Ok0HzkNSrZ+lg3LFrtkzoGXi5KQCOZqD8ld/GJI4oEITjpXqOXak3QRLzQinaakfKxphMsEj2jNU4IAqN5ndnKITowyRH0pTQqOZ+nsiwYFS08AznQHWY7XoZeJ/Xi/W/pWbMBHFmgoyX+THHOkQZQGgIZOUaD41BBPJzK2IjLHERJuYSiYEZ/HlZdKu15zzmnN3UWlc53EU4QiOoQoOXEIDbqEJLSAQwTO8wpsVWy/Wu/Uxby1Y+cwh/IH1+QPy2pD3</latexit>

a! (2)
1<latexit sha1_base64="gXjqclkA2OSFQ7aG3JVcNYMUGy0=">AAAB83icbVBNSwMxEJ31s9avqkcvwSLWS9mtgh6LXjxWsB/QriWbZtvQbDYkWaEs+ze8eFDEq3/Gm//GtN2Dtj4YeLw3w8y8QHKmjet+Oyura+sbm4Wt4vbO7t5+6eCwpeNEEdokMY9VJ8CaciZo0zDDaUcqiqOA03Ywvp367SeqNIvFg5lI6kd4KFjICDZW6qX4LOt7j2mldp71S2W36s6AlomXkzLkaPRLX71BTJKICkM41rrrudL4KVaGEU6zYi/RVGIyxkPatVTgiGo/nd2coVOrDFAYK1vCoJn6eyLFkdaTKLCdETYjvehNxf+8bmLCaz9lQiaGCjJfFCYcmRhNA0ADpigxfGIJJorZWxEZYYWJsTEVbQje4svLpFWrehdV7/6yXL/J4yjAMZxABTy4gjrcQQOaQEDCM7zCm5M4L8678zFvXXHymSP4A+fzB8v8kN4=</latexit>

a(2)
1

<latexit sha1_base64="dlZC39I2dgHPhMoyPismxy5ZjqY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuK+ix6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0gPue49puXo+7RdLbsWdA60SLyMlyNDoF796g4gkgkpDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lEguq/XR+8BSdWWWAwkjZkgbN1d8TKRZaT0RgOwU2I73szcT/vG5iwis/ZTJODJVksShMODIRmn2PBkxRYvjEEkwUs7ciMsIKE2MzKtgQvOWXV0mrWvFqFe/uolS/zuLIwwmcQhk8uIQ63EIDmkBAwDO8wpujnBfn3flYtOacbOYY/sD5/AGero+h</latexit>
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BatchNorm -- Additional Things to Consider

a! [i ]
j = ! j áz! [i ]

j + " j
<latexit sha1_base64="31SjWZyW5ZbmGL4Hkf1W/oFRZJA=">AAACInicbVDLSsNAFJ34tr6qLt0MFlEQSqKCuhCKblxWsCo0MdxMp3XqTBJmboQa8i1u/BU3LhR1JfgxTmsXvg4MHM45lzv3RKkUBl333RkZHRufmJyaLs3Mzs0vlBeXzkySacYbLJGJvojAcCli3kCBkl+kmoOKJD+Pro/6/vkN10Yk8Sn2Uh4o6MSiLRiglcLyfg7rRdi9zPOmCIqCHlDqd0ApCLvUZ60EaX77I7BJ/YijtcNyxa26A9C/xBuSChmiHpZf/VbCMsVjZBKMaXpuikEOGgWTvCj5meEpsGvo8KalMShugnxwYkHXrNKi7UTbFyMdqN8nclDG9FRkkwrwyvz2+uJ/XjPD9l6QizjNkMfsa1E7kxQT2u+LtoTmDGXPEmBa2L9SdgUaGNpWS7YE7/fJf8nZVtXbrnonO5Xa4bCOKbJCVskG8cguqZFjUicNwsgdeSBP5Nm5dx6dF+ftKzriDGeWyQ84H5+IfaOo</latexit>

This parameter makes the bias units redundant

Also, note that the batchnorm parameters are 
vectors with the same number of elements as 
the bias vector
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Backpropagation for BatchNorm 
Parameters
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x1
<latexit sha1_base64="5HJHR/B9CHeIlPgqihTyAybn2c4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEMWo2i</latexit>

o
<latexit sha1_base64="zmvhV5w6wvufBjgJnplzs3qmpp8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWML9gPaUDbbSbt2sxt2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzfz2EyrNpHgwkwSDmAwFixglxkoN2S9XvKo3h7tK/JxUIEe9X/7qDSRNYxSGcqJ11/cSE2REGUY5Tku9VGNC6JgMsWupIDHqIJsfOnXPrDJwI6lsCePO1d8TGYm1nsSh7YyJGellbyb+53VTE90EGRNJalDQxaIo5a6R7uxrd8AUUsMnlhCqmL3VpSOiCDU2m5INwV9+eZW0Lqr+ZdVrXFVqt3kcRTiBUzgHH66hBvdQhyZQQHiGV3hzHp0X5935WLQWnHzmGP7A+fwB2T+M9Q==</latexit>

x2
<latexit sha1_base64="gBTwEt+X3BPX1KgMo6lYVWIC09o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindece8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEN3o2j</latexit>

w(1)
1,1

<latexit sha1_base64="5CoRH/4hNmmOELpSJVIbVc5Zpaw=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJUkLJRQY9FLx4r2A9otyWbZtvQbHZJspay9H948aCIV/+LN/+NabsHbX0w8Hhvhpl5fiy4Nq777aysrq1vbOa28ts7u3v7hYPDuo4SRVmNRiJSTZ9oJrhkNcONYM1YMRL6gjX84d3UbzwxpXkkH804Zl5I+pIHnBJjpc6om+JzhCedtITPJt1C0S27M6BlgjNShAzVbuGr3YtoEjJpqCBat7AbGy8lynAq2CTfTjSLCR2SPmtZKknItJfOrp6gU6v0UBApW9Kgmfp7IiWh1uPQt50hMQO96E3F/7xWYoIbL+UyTgyTdL4oSAQyEZpGgHpcMWrE2BJCFbe3IjogilBjg8rbEPDiy8ukflHGl2X34apYuc3iyMExnEAJMFxDBe6hCjWgoOAZXuHNGTkvzrvzMW9dcbKZI/gD5/MHvkORXA==</latexit>

w(1)
1,2

<latexit sha1_base64="94K/4WUXlcb/JabfmqCJ0lfwAyA=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCnosevFYwX5Am5bNdtMu3WzC7sZSQv6HFw+KePW/ePPfuG1z0NYHA4/3ZpiZ50WcKW3b31ZubX1jcyu/XdjZ3ds/KB4eNVUYS0IbJOShbHtYUc4EbWimOW1HkuLA47Tlje9mfuuJSsVC8ainEXUDPBTMZwRrI/Um/cS5QNW0l5Sd87RfLNkVew60SpyMlCBDvV/86g5CEgdUaMKxUh3HjrSbYKkZ4TQtdGNFI0zGeEg7hgocUOUm86tTdGaUAfJDaUpoNFd/TyQ4UGoaeKYzwHqklr2Z+J/XibV/4yZMRLGmgiwW+TFHOkSzCNCASUo0nxqCiWTmVkRGWGKiTVAFE4Kz/PIqaVYrzmXFfrgq1W6zOPJwAqdQBgeuoQb3UIcGEJDwDK/wZk2sF+vd+li05qxs5hj+wPr8Ab/OkV0=</latexit>

a(1)
1

<latexit sha1_base64="51Rbp1GGPW28qr7Kl7NY0LPiq2o=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquCnosevFYwX5Iu5Zsmm1Dk+ySZIWy9Fd48aCIV3+ON/+N6XYP2vpg4PHeDDPzgpgzbVz32ymsrK6tbxQ3S1vbO7t75f2Dlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB+Gbmt5+o0iyS92YSU1/goWQhI9hY6QH3vce06p1O++WKW3MzoGXi5aQCORr98ldvEJFEUGkIx1p3PTc2foqVYYTTaamXaBpjMsZD2rVUYkG1n2YHT9GJVQYojJQtaVCm/p5IsdB6IgLbKbAZ6UVvJv7ndRMTXvkpk3FiqCTzRWHCkYnQ7Hs0YIoSwyeWYKKYvRWREVaYGJtRyYbgLb68TFpnNe+85t5dVOrXeRxFOIJjqIIHl1CHW2hAEwgIeIZXeHOU8+K8Ox/z1oKTzxzCHzifP5zWj58=</latexit>

a(1)2
<latexit sha1_base64="UEIEXkJI4Qcu+777LfA5dwpJBR0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuK+ix6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0gPuVx/Tsnc+7RdLbsWdA60SLyMlyNDoF796g4gkgkpDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lEguq/XR+8BSdWWWAwkjZkgbN1d8TKRZaT0RgOwU2I73szcT/vG5iwis/ZTJODJVksShMODIRmn2PBkxRYvjEEkwUs7ciMsIKE2MzKtgQvOWXV0mrWvFqFffuolS/zuLIwwmcQhk8uIQ63EIDmkBAwDO8wpujnBfn3flYtOacbOYY/sD5/AGeYI+g</latexit>

a(1)3
<latexit sha1_base64="F0cJIqijoEg/scv4wVZxoymO2Dc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquLeix6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0gPuVx/Tsnc+7RdLbsWdA60SLyMlyNDoF796g4gkgkpDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lEguq/XR+8BSdWWWAwkjZkgbN1d8TKRZaT0RgOwU2I73szcT/vG5iwis/ZTJODJVksShMODIRmn2PBkxRYvjEEkwUs7ciMsIKE2MzKtgQvOWXV0nrouJVK+5drVS/zuLIwwmcQhk8uIQ63EIDmkBAwDO8wpujnBfn3flYtOacbOYY/sD5/AGf6o+h</latexit>

a(2)2
<latexit sha1_base64="Rx/RXsiT+s/v11w3kFUY/JZyKRU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuK+ix6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0gPuVx/TcvV82i+W3Io7B1olXkZKkKHRL371BhFJBJWGcKx113Nj46dYGUY4nRZ6iaYxJmM8pF1LJRZU++n84Ck6s8oAhZGyJQ2aq78nUiy0nojAdgpsRnrZm4n/ed3EhFd+ymScGCrJYlGYcGQiNPseDZiixPCJJZgoZm9FZIQVJsZmVLAheMsvr5JWteLVKu7dRal+ncWRhxM4hTJ4cAl1uIUGNIGAgGd4hTdHOS/Ou/OxaM052cwx/IHz+QOf5o+h</latexit>

a(2)1
<latexit sha1_base64="vfx38n+ae04OFRd5luhElMypRJ0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuK+ix6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0gPue49puXo+7RdLbsWdA60SLyMlyNDoF796g4gkgkpDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lEguq/XR+8BSdWWWAwkjZkgbN1d8TKRZaT0RgOwU2I73szcT/vG5iwis/ZTJODJVksShMODIRmn2PBkxRYvjEEkwUs7ciMsIKE2MzKtgQvOWXV0mrWvFqFffuolS/zuLIwwmcQhk8uIQ63EIDmkBAwDO8wpujnBfn3flYtOacbOYY/sD5/AGeXI+g</latexit>

w(1)
1,3

<latexit sha1_base64="MjoriDaix6GZhq5KkAUBLNsPXo8=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgpTECnosevFYwX5Am5bNdtMu3WzC7sZSQv6HFw+KePW/ePPfuG1z0NYHA4/3ZpiZ50WcKW3b31ZubX1jcyu/XdjZ3ds/KB4eNVUYS0IbJOShbHtYUc4EbWimOW1HkuLA47Tlje9mfuuJSsVC8ainEXUDPBTMZwRrI/Um/cS5QNW0l5Sd87RfLNkVew60SpyMlCBDvV/86g5CEgdUaMKxUh3HjrSbYKkZ4TQtdGNFI0zGeEg7hgocUOUm86tTdGaUAfJDaUpoNFd/TyQ4UGoaeKYzwHqklr2Z+J/XibV/4yZMRLGmgiwW+TFHOkSzCNCASUo0nxqCiWTmVkRGWGKiTVAFE4Kz/PIqaV5WnGrFfrgq1W6zOPJwAqdQBgeuoQb3UIcGEJDwDK/wZk2sF+vd+li05qxs5hj+wPr8AcFZkV4=</latexit>

w(2)
1,1

<latexit sha1_base64="UUz+fFdIMuJxCEAyuchQQrqM+Xo=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCnosevFYwX5Am5bNdtMu3WzC7sZSQv6HFw+KePW/ePPfuG1z0NYHA4/3ZpiZ50WcKW3b31ZubX1jcyu/XdjZ3ds/KB4eNVUYS0IbJOShbHtYUc4EbWimOW1HkuLA47Tlje9mfuuJSsVC8ainEXUDPBTMZwRrI/Um/cS5QE7aS8rV87RfLNkVew60SpyMlCBDvV/86g5CEgdUaMKxUh3HjrSbYKkZ4TQtdGNFI0zGeEg7hgocUOUm86tTdGaUAfJDaUpoNFd/TyQ4UGoaeKYzwHqklr2Z+J/XibV/4yZMRLGmgiwW+TFHOkSzCNCASUo0nxqCiWTmVkRGWGKiTVAFE4Kz/PIqaVYrzmXFfrgq1W6zOPJwAqdQBgeuoQb3UIcGEJDwDK/wZk2sF+vd+li05qxs5hj+wPr8Ab/JkV0=</latexit>

w(2)
3,1

<latexit sha1_base64="cEzid11tbdqRtUGPTS00ftF0Nlk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJUkJK0gh6LXjxWsB/QpmWz3bRLN5uwu7GUkP/hxYMiXv0v3vw3btsctPXBwOO9GWbmeRFnStv2t7W2vrG5tZ3bye/u7R8cFo6OmyqMJaENEvJQtj2sKGeCNjTTnLYjSXHgcdryxnczv/VEpWKheNTTiLoBHgrmM4K1kXqTflK9RE7aS0qVi7RfKNplew60SpyMFCFDvV/46g5CEgdUaMKxUh3HjrSbYKkZ4TTNd2NFI0zGeEg7hgocUOUm86tTdG6UAfJDaUpoNFd/TyQ4UGoaeKYzwHqklr2Z+J/XibV/4yZMRLGmgiwW+TFHOkSzCNCASUo0nxqCiWTmVkRGWGKiTVB5E4Kz/PIqaVbKTrVsP1wVa7dZHDk4hTMogQPXUIN7qEMDCEh4hld4sybWi/VufSxa16xs5gT+wPr8AcLlkV8=</latexit>

! l

! w(1)
1,1

=
! l
! o

á
! o

! a(2)
1

á
! a(2)

1

! a(1)
1

á
! a(1)

1

! w(1)
1,1

+
! l
! o

á
! o

! a(2)
2

á
! a(2)

2

! a(1)
1

á
! a(1)

1

! w(1)
1,1

<latexit sha1_base64="duY3mtbRiHW1HhXeSoGG3GDEm3E="></latexit>

y
<latexit sha1_base64="cs1Q9fet/6GNtc+Tzw/y6WCTX8Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0Io/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHkyXoR3QoecgZNVZqZP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03Mf6EKsOZwGmpl2pMKBvTIXYtlTRC7U/mh07JmVUGJIyVLWnIXP09MaGR1lkU2M6ImpFe9mbif143NeGNP+EySQ1KtlgUpoKYmMy+JgOukBmRWUKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kD6GeM/w==</latexit>

l
<latexit sha1_base64="E5Kc1ZKr520j8ga7QDzfGA0mefk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUEP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvsuo2riq12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4A1LOM8g==</latexit>

L (y, o) = l
<latexit sha1_base64="xkDVhV2R7yGjiI8Bkoa6EodHAlw=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIFaQkKuhGKLpx4aKCfUAbymQ6aYdOJmFmIpRQ8FfcuFDErd/hzr9x0mah1QMDh3Pu5Z45fsyZ0o7zZRUWFpeWV4qrpbX1jc0te3unqaJEEtogEY9k28eKciZoQzPNaTuWFIc+py1/dJ35rQcqFYvEvR7H1AvxQLCAEayN1LP3uiHWQ4J5ejupjI9RdIQuEe/ZZafqTIH+EjcnZchR79mf3X5EkpAKTThWquM6sfZSLDUjnE5K3UTRGJMRHtCOoQKHVHnpNP4EHRqlj4JImic0mqo/N1IcKjUOfTOZhVXzXib+53USHVx4KRNxoqkgs0NBwpGOUNYF6jNJieZjQzCRzGRFZIglJto0VjIluPNf/kuaJ1X3tOrcnZVrV3kdRdiHA6iAC+dQgxuoQwMIpPAEL/BqPVrP1pv1PhstWPnOLvyC9fENUuuUZw==</latexit>

a := ! (z) = ! (w! x)where

w(3)
1,1

<latexit sha1_base64="2hc9HR5bv0+inQ8IsEn3Gd2v7nM=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgpTECnosevFYwX5Am5bNdtMu3WzC7sZSQv6HFw+KePW/ePPfuG1z0NYHA4/3ZpiZ50WcKW3b31ZubX1jcyu/XdjZ3ds/KB4eNVUYS0IbJOShbHtYUc4EbWimOW1HkuLA47Tlje9mfuuJSsVC8ainEXUDPBTMZwRrI/Um/cS5QE7aS8rV87RfLNkVew60SpyMlCBDvV/86g5CEgdUaMKxUh3HjrSbYKkZ4TQtdGNFI0zGeEg7hgocUOUm86tTdGaUAfJDaUpoNFd/TyQ4UGoaeKYzwHqklr2Z+J/XibV/4yZMRLGmgiwW+TFHOkSzCNCASUo0nxqCiWTmVkRGWGKiTVAFE4Kz/PIqaV5WnGrFfrgq1W6zOPJwAqdQBgeuoQb3UIcGEJDwDK/wZk2sF+vd+li05qxs5hj+wPr8AcFPkV4=</latexit>

(Assume network for binary classiÞcation)

Reminder: Multilayer Perceptron (from lecture 9)



Sebastian Raschka           STAT 479: Deep Learning            SS 2019 !18

x1
<latexit sha1_base64="5HJHR/B9CHeIlPgqihTyAybn2c4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEMWo2i</latexit>

o
<latexit sha1_base64="zmvhV5w6wvufBjgJnplzs3qmpp8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWML9gPaUDbbSbt2sxt2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzfz2EyrNpHgwkwSDmAwFixglxkoN2S9XvKo3h7tK/JxUIEe9X/7qDSRNYxSGcqJ11/cSE2REGUY5Tku9VGNC6JgMsWupIDHqIJsfOnXPrDJwI6lsCePO1d8TGYm1nsSh7YyJGellbyb+53VTE90EGRNJalDQxaIo5a6R7uxrd8AUUsMnlhCqmL3VpSOiCDU2m5INwV9+eZW0Lqr+ZdVrXFVqt3kcRTiBUzgHH66hBvdQhyZQQHiGV3hzHp0X5935WLQWnHzmGP7A+fwB2T+M9Q==</latexit>

y
<latexit sha1_base64="cs1Q9fet/6GNtc+Tzw/y6WCTX8Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0Io/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHkyXoR3QoecgZNVZqZP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03Mf6EKsOZwGmpl2pMKBvTIXYtlTRC7U/mh07JmVUGJIyVLWnIXP09MaGR1lkU2M6ImpFe9mbif143NeGNP+EySQ1KtlgUpoKYmMy+JgOukBmRWUKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kD6GeM/w==</latexit>

l
<latexit sha1_base64="E5Kc1ZKr520j8ga7QDzfGA0mefk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUEP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvsuo2riq12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4A1LOM8g==</latexit>

L (y, o) = l
<latexit sha1_base64="xkDVhV2R7yGjiI8Bkoa6EodHAlw=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIFaQkKuhGKLpx4aKCfUAbymQ6aYdOJmFmIpRQ8FfcuFDErd/hzr9x0mah1QMDh3Pu5Z45fsyZ0o7zZRUWFpeWV4qrpbX1jc0te3unqaJEEtogEY9k28eKciZoQzPNaTuWFIc+py1/dJ35rQcqFYvEvR7H1AvxQLCAEayN1LP3uiHWQ4J5ejupjI9RdIQuEe/ZZafqTIH+EjcnZchR79mf3X5EkpAKTThWquM6sfZSLDUjnE5K3UTRGJMRHtCOoQKHVHnpNP4EHRqlj4JImic0mqo/N1IcKjUOfTOZhVXzXib+53USHVx4KRNxoqkgs0NBwpGOUNYF6jNJieZjQzCRzGRFZIglJto0VjIluPNf/kuaJ1X3tOrcnZVrV3kdRdiHA6iAC+dQgxuoQwMIpPAEL/BqPVrP1pv1PhstWPnOLvyC9fENUuuUZw==</latexit>

Let's consider a simpler case ...

w(1)
j

<latexit sha1_base64="F7Swd/C4QN3QVLL72remZ0dqisQ=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJeyqoMegF48RzAM2a5idzCZjZmeWmV4lLPsZXjwo4tWv8ebfOHkcNLGgoajqprsrTAQ34LrfztLyyuraemGjuLm1vbNb2ttvGpVqyhpUCaXbITFMcMkawEGwdqIZiUPBWuHweuy3Hpk2XMk7GCUsiElf8ohTAlbyn7rZQ36fVbyTvFsqu1V3ArxIvBkpoxnq3dJXp6doGjMJVBBjfM9NIMiIBk4Fy4ud1LCE0CHpM99SSWJmgmxyco6PrdLDkdK2JOCJ+nsiI7Exozi0nTGBgZn3xuJ/np9CdBlkXCYpMEmni6JUYFB4/D/ucc0oiJElhGpub8V0QDShYFMq2hC8+ZcXSfO06p1Vvdvzcu1qFkcBHaIjVEEeukA1dIPqqIEoUugZvaI3B5wX5935mLYuObOZA/QHzucP4a6Q+w==</latexit>

w(2)
j

<latexit sha1_base64="a7DEW9TA7F3/3elNIcTaVl6Dj6g=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BItQLyWpgh6LXjxWsB+QxrLZbtq1m92wO1FKyM/w4kERr/4ab/4bt20O2vpg4PHeDDPzgpgzDY7zbRVWVtfWN4qbpa3tnd298v5BW8tEEdoikkvVDbCmnAnaAgacdmNFcRRw2gnG11O/80iVZlLcwSSmfoSHgoWMYDCS99RPH7L7tFo/zfrlilNzZrCXiZuTCsrR7Je/egNJkogKIBxr7blODH6KFTDCaVbqJZrGmIzxkHqGChxR7aezkzP7xCgDO5TKlAB7pv6eSHGk9SQKTGeEYaQXvan4n+clEF76KRNxAlSQ+aIw4TZIe/q/PWCKEuATQzBRzNxqkxFWmIBJqWRCcBdfXibtes09q7m355XGVR5HER2hY1RFLrpADXSDmqiFCJLoGb2iNwusF+vd+pi3Fqx85hD9gfX5A+M0kPw=</latexit>a(1)
j

<latexit sha1_base64="yiocqbqzfqGkxQidQIigucf7A/c=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquFfRY9OKxgv2Qdi3ZNNvGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqt56o0iySd2YcU1/ggWQhI9hY6R73Hh/Ssnc66RVLbsWdAS0TLyMlyFDvFb+6/YgkgkpDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lEguq/XR28ASdWKWPwkjZkgbN1N8TKRZaj0VgOwU2Q73oTcX/vE5iwks/ZTJODJVkvihMODIRmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvMWXl0nzrOJVK97teal2lcWRhyM4hjJ4cAE1uIE6NICAgGd4hTdHOS/Ou/Mxb8052cwh/IHz+QP04o/Z</latexit>

a(2)
j

<latexit sha1_base64="oFSf5mIvKefo1ut2K84bI/HuXwI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2Qdi3ZNNvGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqt56o0iySd2YcU1/ggWQhI9hY6R73Hh/ScvV00iuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6sUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhJd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5NmteKdVbzb81LtKosjD0dwDGXw4AJqcAN1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wf2aI/a</latexit>

w(3)
j

<latexit sha1_base64="9JMSM66KNyCTK9VIv0nIhGcw/P8=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkpiBT0WvXisYD8gjWWz3bRrN9mwO1FKyM/w4kERr/4ab/4bt20O2vpg4PHeDDPz/FhwDbb9bRVWVtfWN4qbpa3tnd298v5BW8tEUdaiUkjV9YlmgkesBRwE68aKkdAXrOOPr6d+55EpzWV0B5OYeSEZRjzglICR3Kd++pDdp9X6adYvV+yaPQNeJk5OKihHs1/+6g0kTUIWARVEa9exY/BSooBTwbJSL9EsJnRMhsw1NCIh0146OznDJ0YZ4EAqUxHgmfp7IiWh1pPQN50hgZFe9Kbif56bQHDppTyKE2ARnS8KEoFB4un/eMAVoyAmhhCquLkV0xFRhIJJqWRCcBZfXibts5pTrzm355XGVR5HER2hY1RFDrpADXSDmqiFKJLoGb2iNwusF+vd+pi3Fqx85hD9gfX5A+S6kP0=</latexit>

! l

! w(3)
j

=
! l
! o

á
! o

! w(3)
j

<latexit sha1_base64="4bMSLhq2g4BUKinKV0nQn3Lzp8I=">AAACWnicfVFbS8MwGE2r7uplXt58CQ5hvozWCfoiDH3xcYK7wFpHmqVbXNrUJFVG6Z/0RQT/imC2FdRteCBwON/5vi858SJGpbKsD8Pc2NzK5QvFUnl7Z3evsn/QkTwWmLQxZ1z0PCQJoyFpK6oY6UWCoMBjpOtNbmf17gsRkvLwQU0j4gZoFFKfYqS0NKg8O75AOHEiJBRFDLL0h78Onh6TWuMsTeE1/MfHU+jgIVfLHr521qBSterWHHCV2BmpggytQeXNGXIcByRUmCEp+7YVKTeZDcaMpCUnliRCeIJGpK9piAIi3WQeTQpPtTKEPhf6hArO1d8dCQqknAaedgZIjeVybSauq/Vj5V+5CQ2jWJEQLxb5MYOKw1nOcEgFwYpNNUFYUH1XiMdI56P0b5R0CPbyk1dJ57xuN+r2/UW1eZPFUQDH4ATUgA0uQRPcgRZoAwzewZeRM/LGp2maRbO8sJpG1nMI/sA8+gaxY7X5</latexit>

! l

! w(2)
j

=
! l
! o

á
! o

! a(2)
j

á
! a(2)

j

! w(2)
j

<latexit sha1_base64="g0Auodaw4LI+T5IzOKYJUIsl0jw="></latexit>

! l

! w(1)
j

=
! l
! o

á
! o

! a(2)
j

á
! a(2)

j

! a(1)
j

á
! a(1)

j

! w(1)
j

<latexit sha1_base64="6udM3tazQW1+8dioSi0gAe9yMoo="></latexit>
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x1
<latexit sha1_base64="5HJHR/B9CHeIlPgqihTyAybn2c4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEMWo2i</latexit>

o
<latexit sha1_base64="zmvhV5w6wvufBjgJnplzs3qmpp8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWML9gPaUDbbSbt2sxt2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzfz2EyrNpHgwkwSDmAwFixglxkoN2S9XvKo3h7tK/JxUIEe9X/7qDSRNYxSGcqJ11/cSE2REGUY5Tku9VGNC6JgMsWupIDHqIJsfOnXPrDJwI6lsCePO1d8TGYm1nsSh7YyJGellbyb+53VTE90EGRNJalDQxaIo5a6R7uxrd8AUUsMnlhCqmL3VpSOiCDU2m5INwV9+eZW0Lqr+ZdVrXFVqt3kcRTiBUzgHH66hBvdQhyZQQHiGV3hzHp0X5935WLQWnHzmGP7A+fwB2T+M9Q==</latexit>

y
<latexit sha1_base64="cs1Q9fet/6GNtc+Tzw/y6WCTX8Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0Io/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHkyXoR3QoecgZNVZqZP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03Mf6EKsOZwGmpl2pMKBvTIXYtlTRC7U/mh07JmVUGJIyVLWnIXP09MaGR1lkU2M6ImpFe9mbif143NeGNP+EySQ1KtlgUpoKYmMy+JgOukBmRWUKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kD6GeM/w==</latexit>

l
<latexit sha1_base64="E5Kc1ZKr520j8ga7QDzfGA0mefk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUEP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvsuo2riq12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4A1LOM8g==</latexit>

L (y, o) = l
<latexit sha1_base64="xkDVhV2R7yGjiI8Bkoa6EodHAlw=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIFaQkKuhGKLpx4aKCfUAbymQ6aYdOJmFmIpRQ8FfcuFDErd/hzr9x0mah1QMDh3Pu5Z45fsyZ0o7zZRUWFpeWV4qrpbX1jc0te3unqaJEEtogEY9k28eKciZoQzPNaTuWFIc+py1/dJ35rQcqFYvEvR7H1AvxQLCAEayN1LP3uiHWQ4J5ejupjI9RdIQuEe/ZZafqTIH+EjcnZchR79mf3X5EkpAKTThWquM6sfZSLDUjnE5K3UTRGJMRHtCOoQKHVHnpNP4EHRqlj4JImic0mqo/N1IcKjUOfTOZhVXzXib+53USHVx4KRNxoqkgs0NBwpGOUNYF6jNJieZjQzCRzGRFZIglJto0VjIluPNf/kuaJ1X3tOrcnZVrV3kdRdiHA6iAC+dQgxuoQwMIpPAEL/BqPVrP1pv1PhstWPnOLvyC9fENUuuUZw==</latexit>

Same as on previous slide, but more verbose ...

w(1)
j

<latexit sha1_base64="F7Swd/C4QN3QVLL72remZ0dqisQ=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJeyqoMegF48RzAM2a5idzCZjZmeWmV4lLPsZXjwo4tWv8ebfOHkcNLGgoajqprsrTAQ34LrfztLyyuraemGjuLm1vbNb2ttvGpVqyhpUCaXbITFMcMkawEGwdqIZiUPBWuHweuy3Hpk2XMk7GCUsiElf8ohTAlbyn7rZQ36fVbyTvFsqu1V3ArxIvBkpoxnq3dJXp6doGjMJVBBjfM9NIMiIBk4Fy4ud1LCE0CHpM99SSWJmgmxyco6PrdLDkdK2JOCJ+nsiI7Exozi0nTGBgZn3xuJ/np9CdBlkXCYpMEmni6JUYFB4/D/ucc0oiJElhGpub8V0QDShYFMq2hC8+ZcXSfO06p1Vvdvzcu1qFkcBHaIjVEEeukA1dIPqqIEoUugZvaI3B5wX5935mLYuObOZA/QHzucP4a6Q+w==</latexit>

w(2)
j

<latexit sha1_base64="a7DEW9TA7F3/3elNIcTaVl6Dj6g=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BItQLyWpgh6LXjxWsB+QxrLZbtq1m92wO1FKyM/w4kERr/4ab/4bt20O2vpg4PHeDDPzgpgzDY7zbRVWVtfWN4qbpa3tnd298v5BW8tEEdoikkvVDbCmnAnaAgacdmNFcRRw2gnG11O/80iVZlLcwSSmfoSHgoWMYDCS99RPH7L7tFo/zfrlilNzZrCXiZuTCsrR7Je/egNJkogKIBxr7blODH6KFTDCaVbqJZrGmIzxkHqGChxR7aezkzP7xCgDO5TKlAB7pv6eSHGk9SQKTGeEYaQXvan4n+clEF76KRNxAlSQ+aIw4TZIe/q/PWCKEuATQzBRzNxqkxFWmIBJqWRCcBdfXibtes09q7m355XGVR5HER2hY1RFLrpADXSDmqiFCJLoGb2iNwusF+vd+pi3Fqx85hD9gfX5A+M0kPw=</latexit>a(1)
j

<latexit sha1_base64="yiocqbqzfqGkxQidQIigucf7A/c=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquFfRY9OKxgv2Qdi3ZNNvGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqt56o0iySd2YcU1/ggWQhI9hY6R73Hh/Ssnc66RVLbsWdAS0TLyMlyFDvFb+6/YgkgkpDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lEguq/XR28ASdWKWPwkjZkgbN1N8TKRZaj0VgOwU2Q73oTcX/vE5iwks/ZTJODJVkvihMODIRmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvMWXl0nzrOJVK97teal2lcWRhyM4hjJ4cAE1uIE6NICAgGd4hTdHOS/Ou/Mxb8052cwh/IHz+QP04o/Z</latexit>

a(2)
j

<latexit sha1_base64="oFSf5mIvKefo1ut2K84bI/HuXwI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2Qdi3ZNNvGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqt56o0iySd2YcU1/ggWQhI9hY6R73Hh/ScvV00iuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6sUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhJd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5NmteKdVbzb81LtKosjD0dwDGXw4AJqcAN1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wf2aI/a</latexit>

w(3)
j

<latexit sha1_base64="9JMSM66KNyCTK9VIv0nIhGcw/P8=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkpiBT0WvXisYD8gjWWz3bRrN9mwO1FKyM/w4kERr/4ab/4bt20O2vpg4PHeDDPz/FhwDbb9bRVWVtfWN4qbpa3tnd298v5BW8tEUdaiUkjV9YlmgkesBRwE68aKkdAXrOOPr6d+55EpzWV0B5OYeSEZRjzglICR3Kd++pDdp9X6adYvV+yaPQNeJk5OKihHs1/+6g0kTUIWARVEa9exY/BSooBTwbJSL9EsJnRMhsw1NCIh0146OznDJ0YZ4EAqUxHgmfp7IiWh1pPQN50hgZFe9Kbif56bQHDppTyKE2ARnS8KEoFB4un/eMAVoyAmhhCquLkV0xFRhIJJqWRCcBZfXibts5pTrzm355XGVR5HER2hY1RFDrpADXSDmqiFKJLoGb2iNwusF+vd+pi3Fqx85hD9gfX5A+S6kP0=</latexit>

! l

! w(3)
j

=
! l
! o

á
! o

! w(3)
j

<latexit sha1_base64="4bMSLhq2g4BUKinKV0nQn3Lzp8I=">AAACWnicfVFbS8MwGE2r7uplXt58CQ5hvozWCfoiDH3xcYK7wFpHmqVbXNrUJFVG6Z/0RQT/imC2FdRteCBwON/5vi858SJGpbKsD8Pc2NzK5QvFUnl7Z3evsn/QkTwWmLQxZ1z0PCQJoyFpK6oY6UWCoMBjpOtNbmf17gsRkvLwQU0j4gZoFFKfYqS0NKg8O75AOHEiJBRFDLL0h78Onh6TWuMsTeE1/MfHU+jgIVfLHr521qBSterWHHCV2BmpggytQeXNGXIcByRUmCEp+7YVKTeZDcaMpCUnliRCeIJGpK9piAIi3WQeTQpPtTKEPhf6hArO1d8dCQqknAaedgZIjeVybSauq/Vj5V+5CQ2jWJEQLxb5MYOKw1nOcEgFwYpNNUFYUH1XiMdI56P0b5R0CPbyk1dJ57xuN+r2/UW1eZPFUQDH4ATUgA0uQRPcgRZoAwzewZeRM/LGp2maRbO8sJpG1nMI/sA8+gaxY7X5</latexit>

! l

! w(2)
j

=
! l
! o

á
! o

! a(2)
j

á
! a(2)

j

! w(2)
j

<latexit sha1_base64="g0Auodaw4LI+T5IzOKYJUIsl0jw="></latexit>

! l

! w(1)
j

=
! l
! o

á
! o

! a(2)
j

á
! a(2)

j

! a(1)
j

á
! a(1)

j

! w(1)
j

<latexit sha1_base64="6udM3tazQW1+8dioSi0gAe9yMoo="></latexit>

! l

! w(3)
j

=
! l
! o

á
! o

! z(3)
j

á
! z(3)

j

! w(3)
j

<latexit sha1_base64="9Jt+VvYCTwpCqd1x7dnSEug13hQ="></latexit>

...

...
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x1
<latexit sha1_base64="5HJHR/B9CHeIlPgqihTyAybn2c4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEMWo2i</latexit>

y
<latexit sha1_base64="cs1Q9fet/6GNtc+Tzw/y6WCTX8Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0Io/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHkyXoR3QoecgZNVZqZP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03Mf6EKsOZwGmpl2pMKBvTIXYtlTRC7U/mh07JmVUGJIyVLWnIXP09MaGR1lkU2M6ImpFe9mbif143NeGNP+EySQ1KtlgUpoKYmMy+JgOukBmRWUKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kD6GeM/w==</latexit>

l
<latexit sha1_base64="E5Kc1ZKr520j8ga7QDzfGA0mefk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUEP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvsuo2riq12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4A1LOM8g==</latexit>

L (y, o) = l
<latexit sha1_base64="xkDVhV2R7yGjiI8Bkoa6EodHAlw=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIFaQkKuhGKLpx4aKCfUAbymQ6aYdOJmFmIpRQ8FfcuFDErd/hzr9x0mah1QMDh3Pu5Z45fsyZ0o7zZRUWFpeWV4qrpbX1jc0te3unqaJEEtogEY9k28eKciZoQzPNaTuWFIc+py1/dJ35rQcqFYvEvR7H1AvxQLCAEayN1LP3uiHWQ4J5ejupjI9RdIQuEe/ZZafqTIH+EjcnZchR79mf3X5EkpAKTThWquM6sfZSLDUjnE5K3UTRGJMRHtCOoQKHVHnpNP4EHRqlj4JImic0mqo/N1IcKjUOfTOZhVXzXib+53USHVx4KRNxoqkgs0NBwpGOUNYF6jNJieZjQzCRzGRFZIglJto0VjIluPNf/kuaJ1X3tOrcnZVrV3kdRdiHA6iAC+dQgxuoQwMIpPAEL/BqPVrP1pv1PhstWPnOLvyC9fENUuuUZw==</latexit>

w(1)
j

<latexit sha1_base64="F7Swd/C4QN3QVLL72remZ0dqisQ=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJeyqoMegF48RzAM2a5idzCZjZmeWmV4lLPsZXjwo4tWv8ebfOHkcNLGgoajqprsrTAQ34LrfztLyyuraemGjuLm1vbNb2ttvGpVqyhpUCaXbITFMcMkawEGwdqIZiUPBWuHweuy3Hpk2XMk7GCUsiElf8ohTAlbyn7rZQ36fVbyTvFsqu1V3ArxIvBkpoxnq3dJXp6doGjMJVBBjfM9NIMiIBk4Fy4ud1LCE0CHpM99SSWJmgmxyco6PrdLDkdK2JOCJ+nsiI7Exozi0nTGBgZn3xuJ/np9CdBlkXCYpMEmni6JUYFB4/D/ucc0oiJElhGpub8V0QDShYFMq2hC8+ZcXSfO06p1Vvdvzcu1qFkcBHaIjVEEeukA1dIPqqIEoUugZvaI3B5wX5935mLYuObOZA/QHzucP4a6Q+w==</latexit>

w(2)
j

<latexit sha1_base64="a7DEW9TA7F3/3elNIcTaVl6Dj6g=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BItQLyWpgh6LXjxWsB+QxrLZbtq1m92wO1FKyM/w4kERr/4ab/4bt20O2vpg4PHeDDPzgpgzDY7zbRVWVtfWN4qbpa3tnd298v5BW8tEEdoikkvVDbCmnAnaAgacdmNFcRRw2gnG11O/80iVZlLcwSSmfoSHgoWMYDCS99RPH7L7tFo/zfrlilNzZrCXiZuTCsrR7Je/egNJkogKIBxr7blODH6KFTDCaVbqJZrGmIzxkHqGChxR7aezkzP7xCgDO5TKlAB7pv6eSHGk9SQKTGeEYaQXvan4n+clEF76KRNxAlSQ+aIw4TZIe/q/PWCKEuATQzBRzNxqkxFWmIBJqWRCcBdfXibtes09q7m355XGVR5HER2hY1RFLrpADXSDmqiFCJLoGb2iNwusF+vd+pi3Fqx85hD9gfX5A+M0kPw=</latexit>a(1)
j

<latexit sha1_base64="yiocqbqzfqGkxQidQIigucf7A/c=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquFfRY9OKxgv2Qdi3ZNNvGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqt56o0iySd2YcU1/ggWQhI9hY6R73Hh/Ssnc66RVLbsWdAS0TLyMlyFDvFb+6/YgkgkpDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lEguq/XR28ASdWKWPwkjZkgbN1N8TKRZaj0VgOwU2Q73oTcX/vE5iwks/ZTJODJVkvihMODIRmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvMWXl0nzrOJVK97teal2lcWRhyM4hjJ4cAE1uIE6NICAgGd4hTdHOS/Ou/Mxb8052cwh/IHz+QP04o/Z</latexit>

a(2)
j

<latexit sha1_base64="oFSf5mIvKefo1ut2K84bI/HuXwI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2Qdi3ZNNvGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqt56o0iySd2YcU1/ggWQhI9hY6R73Hh/ScvV00iuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6sUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhJd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5NmteKdVbzb81LtKosjD0dwDGXw4AJqcAN1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wf2aI/a</latexit>

w(3)
j

<latexit sha1_base64="9JMSM66KNyCTK9VIv0nIhGcw/P8=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkpiBT0WvXisYD8gjWWz3bRrN9mwO1FKyM/w4kERr/4ab/4bt20O2vpg4PHeDDPz/FhwDbb9bRVWVtfWN4qbpa3tnd298v5BW8tEUdaiUkjV9YlmgkesBRwE68aKkdAXrOOPr6d+55EpzWV0B5OYeSEZRjzglICR3Kd++pDdp9X6adYvV+yaPQNeJk5OKihHs1/+6g0kTUIWARVEa9exY/BSooBTwbJSL9EsJnRMhsw1NCIh0146OznDJ0YZ4EAqUxHgmfp7IiWh1pPQN50hgZFe9Kbif56bQHDppTyKE2ARnS8KEoFB4un/eMAVoyAmhhCquLkV0xFRhIJJqWRCcBZfXibts5pTrzm355XGVR5HER2hY1RFDrpADXSDmqiFKJLoGb2iNwusF+vd+pi3Fqx85hD9gfX5A+S6kP0=</latexit> ...

x1
<latexit sha1_base64="5HJHR/B9CHeIlPgqihTyAybn2c4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEMWo2i</latexit>

w(1)
j

<latexit sha1_base64="F7Swd/C4QN3QVLL72remZ0dqisQ=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJeyqoMegF48RzAM2a5idzCZjZmeWmV4lLPsZXjwo4tWv8ebfOHkcNLGgoajqprsrTAQ34LrfztLyyuraemGjuLm1vbNb2ttvGpVqyhpUCaXbITFMcMkawEGwdqIZiUPBWuHweuy3Hpk2XMk7GCUsiElf8ohTAlbyn7rZQ36fVbyTvFsqu1V3ArxIvBkpoxnq3dJXp6doGjMJVBBjfM9NIMiIBk4Fy4ud1LCE0CHpM99SSWJmgmxyco6PrdLDkdK2JOCJ+nsiI7Exozi0nTGBgZn3xuJ/np9CdBlkXCYpMEmni6JUYFB4/D/ucc0oiJElhGpub8V0QDShYFMq2hC8+ZcXSfO06p1Vvdvzcu1qFkcBHaIjVEEeukA1dIPqqIEoUugZvaI3B5wX5935mLYuObOZA/QHzucP4a6Q+w==</latexit>

w(2)
j

<latexit sha1_base64="a7DEW9TA7F3/3elNIcTaVl6Dj6g=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BItQLyWpgh6LXjxWsB+QxrLZbtq1m92wO1FKyM/w4kERr/4ab/4bt20O2vpg4PHeDDPzgpgzDY7zbRVWVtfWN4qbpa3tnd298v5BW8tEEdoikkvVDbCmnAnaAgacdmNFcRRw2gnG11O/80iVZlLcwSSmfoSHgoWMYDCS99RPH7L7tFo/zfrlilNzZrCXiZuTCsrR7Je/egNJkogKIBxr7blODH6KFTDCaVbqJZrGmIzxkHqGChxR7aezkzP7xCgDO5TKlAB7pv6eSHGk9SQKTGeEYaQXvan4n+clEF76KRNxAlSQ+aIw4TZIe/q/PWCKEuATQzBRzNxqkxFWmIBJqWRCcBdfXibtes09q7m355XGVR5HER2hY1RFLrpADXSDmqiFCJLoGb2iNwusF+vd+pi3Fqx85hD9gfX5A+M0kPw=</latexit>a(1)
j

<latexit sha1_base64="yiocqbqzfqGkxQidQIigucf7A/c=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquFfRY9OKxgv2Qdi3ZNNvGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqt56o0iySd2YcU1/ggWQhI9hY6R73Hh/Ssnc66RVLbsWdAS0TLyMlyFDvFb+6/YgkgkpDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lEguq/XR28ASdWKWPwkjZkgbN1N8TKRZaj0VgOwU2Q73oTcX/vE5iwks/ZTJODJVkvihMODIRmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvMWXl0nzrOJVK97teal2lcWRhyM4hjJ4cAE1uIE6NICAgGd4hTdHOS/Ou/Mxb8052cwh/IHz+QP04o/Z</latexit>

a(2)
j

<latexit sha1_base64="oFSf5mIvKefo1ut2K84bI/HuXwI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2Qdi3ZNNvGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqt56o0iySd2YcU1/ggWQhI9hY6R73Hh/ScvV00iuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6sUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhJd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5NmteKdVbzb81LtKosjD0dwDGXw4AJqcAN1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wf2aI/a</latexit>

w(3)
j

<latexit sha1_base64="9JMSM66KNyCTK9VIv0nIhGcw/P8=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkpiBT0WvXisYD8gjWWz3bRrN9mwO1FKyM/w4kERr/4ab/4bt20O2vpg4PHeDDPz/FhwDbb9bRVWVtfWN4qbpa3tnd298v5BW8tEUdaiUkjV9YlmgkesBRwE68aKkdAXrOOPr6d+55EpzWV0B5OYeSEZRjzglICR3Kd++pDdp9X6adYvV+yaPQNeJk5OKihHs1/+6g0kTUIWARVEa9exY/BSooBTwbJSL9EsJnRMhsw1NCIh0146OznDJ0YZ4EAqUxHgmfp7IiWh1pPQN50hgZFe9Kbif56bQHDppTyKE2ARnS8KEoFB4un/eMAVoyAmhhCquLkV0xFRhIJJqWRCcBZfXibts5pTrzm355XGVR5HER2hY1RFDrpADXSDmqiFKJLoGb2iNwusF+vd+pi3Fqx85hD9gfX5A+S6kP0=</latexit> ...z(2)
j

<latexit sha1_base64="/U5BI6r2ubz7lzZTHbYvf7aPySc=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9mtgh6LXjxWsB/SriWbZtvYJLskWaEu/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZeEHOmjet+O0vLK6tr67mN/ObW9s5uYW+/oaNEEVonEY9UK8CaciZp3TDDaStWFIuA02YwvJr4zUeqNIvkrRnF1Be4L1nICDZWunvqPtynpcrJuFsoumV3CrRIvIwUIUOtW/jq9CKSCCoN4VjrtufGxk+xMoxwOs53Ek1jTIa4T9uWSiyo9tPpwWN0bJUeCiNlSxo0VX9PpFhoPRKB7RTYDPS8NxH/89qJCS/8lMk4MVSS2aIw4chEaPI96jFFieEjSzBRzN6KyAArTIzNKG9D8OZfXiSNStk7LXs3Z8XqZRZHDg7hCErgwTlU4RpqUAcCAp7hFd4c5bw4787HrHXJyWYO4A+czx8dI4/z</latexit>

z(2)
j

<latexit sha1_base64="/U5BI6r2ubz7lzZTHbYvf7aPySc=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9mtgh6LXjxWsB/SriWbZtvYJLskWaEu/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZeEHOmjet+O0vLK6tr67mN/ObW9s5uYW+/oaNEEVonEY9UK8CaciZp3TDDaStWFIuA02YwvJr4zUeqNIvkrRnF1Be4L1nICDZWunvqPtynpcrJuFsoumV3CrRIvIwUIUOtW/jq9CKSCCoN4VjrtufGxk+xMoxwOs53Ek1jTIa4T9uWSiyo9tPpwWN0bJUeCiNlSxo0VX9PpFhoPRKB7RTYDPS8NxH/89qJCS/8lMk4MVSS2aIw4chEaPI96jFFieEjSzBRzN6KyAArTIzNKG9D8OZfXiSNStk7LXs3Z8XqZRZHDg7hCErgwTlU4RpqUAcCAp7hFd4c5bw4787HrHXJyWYO4A+czx8dI4/z</latexit>

! (á)
<latexit sha1_base64="DSGzTYKR+NJYbAJ1JhYvLKBcRTs=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCnosevFYwX5AdynZbLYNTbJrki2U0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmhSln2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kitAmSXiiOiHWlDNJm4YZTjupoliEnLbD4d3Mb4+o0iyRj2ac0kDgvmQxI9hYKfA16wtc9UmUmPNeueLW3DnQKvFyUoEcjV75y48SkgkqDeFY667npiaYYGUY4XRa8jNNU0yGuE+7lkosqA4m86On6MwqEYoTZUsaNFd/T0yw0HosQtspsBnoZW8m/ud1MxPfBBMm08xQSRaL4owjk6BZAihiihLDx5Zgopi9FZEBVpgYm1PJhuAtv7xKWhc177LmPVxV6rd5HEU4gVOoggfXUId7aEATCDzBM7zCmzNyXpx352PRWnDymWP4A+fzB0PvkcM=</latexit>

z! (2)
j

<latexit sha1_base64="MjYPTcWhFsUmb5oT0mVBLyugRyU=">AAAB+XicbVDLTsMwEHTKq5RXgCMXiwpRLlVSkOBYwYVjkehDakPkuE5r6jiR7VQqVv6ECwcQ4sqfcONvcNscoGWklUYzu9rdCRJGpXKcb6uwsrq2vlHcLG1t7+zu2fsHLRmnApMmjlksOgGShFFOmooqRjqJICgKGGkHo5up3x4TIWnM79UkIV6EBpyGFCNlJN+29VOmTzNfP2YPulI7y3y77FSdGeAycXNSBjkavv3V68c4jQhXmCEpu66TKE8joShmJCv1UkkShEdoQLqGchQR6enZ5Rk8MUofhrEwxRWcqb8nNIqknESB6YyQGspFbyr+53VTFV55mvIkVYTj+aIwZVDFcBoD7FNBsGITQxAW1NwK8RAJhJUJq2RCcBdfXiatWtU9r7p3F+X6dR5HERyBY1ABLrgEdXALGqAJMBiDZ/AK3ixtvVjv1se8tWDlM4fgD6zPH1+Ok3k=</latexit>

! (á)
<latexit sha1_base64="DSGzTYKR+NJYbAJ1JhYvLKBcRTs=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCnosevFYwX5AdynZbLYNTbJrki2U0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmhSln2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kitAmSXiiOiHWlDNJm4YZTjupoliEnLbD4d3Mb4+o0iyRj2ac0kDgvmQxI9hYKfA16wtc9UmUmPNeueLW3DnQKvFyUoEcjV75y48SkgkqDeFY667npiaYYGUY4XRa8jNNU0yGuE+7lkosqA4m86On6MwqEYoTZUsaNFd/T0yw0HosQtspsBnoZW8m/ud1MxPfBBMm08xQSRaL4owjk6BZAihiihLDx5Zgopi9FZEBVpgYm1PJhuAtv7xKWhc177LmPVxV6rd5HEU4gVOoggfXUId7aEATCDzBM7zCmzNyXpx352PRWnDymWP4A+fzB0PvkcM=</latexit>

(previously, we didn't write the 
net input explicitly in the comp. 

graph)

Adding a  
BatchNorm layer ...

z! (2)
j =

z(2)[ i ]
j ! µj

! j
<latexit sha1_base64="TYQRWM8rT+gDiY8ag/hKxuWSH9E="></latexit>

a! (2)
j

<latexit sha1_base64="Mon6EHXCa11EjnXsym3XNpquRp0=">AAAB9XicbVBNT8JAEJ3iF+IX6tHLRmLEC2nRRI9ELx4xkY8ECtkuW1jZbpvdrYY0/R9ePGiMV/+LN/+NC/Sg4EsmeXlvJjPzvIgzpW3728qtrK6tb+Q3C1vbO7t7xf2DpgpjSWiDhDyUbQ8rypmgDc00p+1IUhx4nLa88c3Ubz1SqVgo7vUkom6Ah4L5jGBtpF6CT9N+8pD2knL1LO0XS3bFngEtEycjJchQ7xe/uoOQxAEVmnCsVMexI+0mWGpGOE0L3VjRCJMxHtKOoQIHVLnJ7OoUnRhlgPxQmhIazdTfEwkOlJoEnukMsB6pRW8q/ud1Yu1fuQkTUaypIPNFfsyRDtE0AjRgkhLNJ4ZgIpm5FZERlphoE1TBhOAsvrxMmtWKc15x7i5KtessjjwcwTGUwYFLqMEt1KEBBCQ8wyu8WU/Wi/Vufcxbc1Y2cwh/YH3+APCYkiM=</latexit>

a! (2)
j = ! j áz! (2)

j + " j
<latexit sha1_base64="pi6ijXkXslQZaFrhMo0WalC9xvk=">AAACH3icbZBNS8NAEIY3flu/qh69LBZREUqiol4E0YvHClaFpobJdlu37iZhdyLUkH/ixb/ixYMi4q3/xm3Nwa+BhZf3mWF23jCRwqDr9p2R0bHxicmp6dLM7Nz8Qnlx6cLEqWa8zmIZ66sQDJci4nUUKPlVojmoUPLL8PZkwC/vuDYijs6xl/Cmgk4k2oIBWiso72WwngdZN7/ONrY3c3pI/Q4oBUGX+qwVI83uLe8WdIv6IUcLg3LFrbrDon+FV4gKKaoWlD/8VsxSxSNkEoxpeG6CzQw0CiZ5XvJTwxNgt9DhDSsjUNw0s+F9OV2zTou2Y21fhHTofp/IQBnTU6HtVIA35jcbmP+xRortg2YmoiRFHrGvRe1UUozpICzaEpozlD0rgGlh/0rZDWhgaCMt2RC83yf/FRfbVW+n6p3tVo6OizimyApZJRvEI/vkiJySGqkTRh7IE3khr86j8+y8Oe9frSNOMbNMfpTT/wQ5caE2</latexit>
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z! (2)
j =

z(2)[ i ]
j ! µj

! j
<latexit sha1_base64="TYQRWM8rT+gDiY8ag/hKxuWSH9E="></latexit>

a! (2)
j = ! j áz! (2)

j + " j
<latexit sha1_base64="pi6ijXkXslQZaFrhMo0WalC9xvk=">AAACH3icbZBNS8NAEIY3flu/qh69LBZREUqiol4E0YvHClaFpobJdlu37iZhdyLUkH/ixb/ixYMi4q3/xm3Nwa+BhZf3mWF23jCRwqDr9p2R0bHxicmp6dLM7Nz8Qnlx6cLEqWa8zmIZ66sQDJci4nUUKPlVojmoUPLL8PZkwC/vuDYijs6xl/Cmgk4k2oIBWiso72WwngdZN7/ONrY3c3pI/Q4oBUGX+qwVI83uLe8WdIv6IUcLg3LFrbrDon+FV4gKKaoWlD/8VsxSxSNkEoxpeG6CzQw0CiZ5XvJTwxNgt9DhDSsjUNw0s+F9OV2zTou2Y21fhHTofp/IQBnTU6HtVIA35jcbmP+xRortg2YmoiRFHrGvRe1UUozpICzaEpozlD0rgGlh/0rZDWhgaCMt2RC83yf/FRfbVW+n6p3tVo6OizimyApZJRvEI/vkiJySGqkTRh7IE3khr86j8+y8Oe9frSNOMbNMfpTT/wQ5caE2</latexit>

x1
<latexit sha1_base64="5HJHR/B9CHeIlPgqihTyAybn2c4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEMWo2i</latexit>

w(1)
j

<latexit sha1_base64="F7Swd/C4QN3QVLL72remZ0dqisQ=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJeyqoMegF48RzAM2a5idzCZjZmeWmV4lLPsZXjwo4tWv8ebfOHkcNLGgoajqprsrTAQ34LrfztLyyuraemGjuLm1vbNb2ttvGpVqyhpUCaXbITFMcMkawEGwdqIZiUPBWuHweuy3Hpk2XMk7GCUsiElf8ohTAlbyn7rZQ36fVbyTvFsqu1V3ArxIvBkpoxnq3dJXp6doGjMJVBBjfM9NIMiIBk4Fy4ud1LCE0CHpM99SSWJmgmxyco6PrdLDkdK2JOCJ+nsiI7Exozi0nTGBgZn3xuJ/np9CdBlkXCYpMEmni6JUYFB4/D/ucc0oiJElhGpub8V0QDShYFMq2hC8+ZcXSfO06p1Vvdvzcu1qFkcBHaIjVEEeukA1dIPqqIEoUugZvaI3B5wX5935mLYuObOZA/QHzucP4a6Q+w==</latexit>

w(2)
j

<latexit sha1_base64="a7DEW9TA7F3/3elNIcTaVl6Dj6g=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BItQLyWpgh6LXjxWsB+QxrLZbtq1m92wO1FKyM/w4kERr/4ab/4bt20O2vpg4PHeDDPzgpgzDY7zbRVWVtfWN4qbpa3tnd298v5BW8tEEdoikkvVDbCmnAnaAgacdmNFcRRw2gnG11O/80iVZlLcwSSmfoSHgoWMYDCS99RPH7L7tFo/zfrlilNzZrCXiZuTCsrR7Je/egNJkogKIBxr7blODH6KFTDCaVbqJZrGmIzxkHqGChxR7aezkzP7xCgDO5TKlAB7pv6eSHGk9SQKTGeEYaQXvan4n+clEF76KRNxAlSQ+aIw4TZIe/q/PWCKEuATQzBRzNxqkxFWmIBJqWRCcBdfXibtes09q7m355XGVR5HER2hY1RFLrpADXSDmqiFCJLoGb2iNwusF+vd+pi3Fqx85hD9gfX5A+M0kPw=</latexit>a(1)
j

<latexit sha1_base64="yiocqbqzfqGkxQidQIigucf7A/c=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquFfRY9OKxgv2Qdi3ZNNvGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqt56o0iySd2YcU1/ggWQhI9hY6R73Hh/Ssnc66RVLbsWdAS0TLyMlyFDvFb+6/YgkgkpDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lEguq/XR28ASdWKWPwkjZkgbN1N8TKRZaj0VgOwU2Q73oTcX/vE5iwks/ZTJODJVkvihMODIRmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvMWXl0nzrOJVK97teal2lcWRhyM4hjJ4cAE1uIE6NICAgGd4hTdHOS/Ou/Mxb8052cwh/IHz+QP04o/Z</latexit>

a(2)
j

<latexit sha1_base64="oFSf5mIvKefo1ut2K84bI/HuXwI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2Qdi3ZNNvGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqt56o0iySd2YcU1/ggWQhI9hY6R73Hh/ScvV00iuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6sUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhJd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5NmteKdVbzb81LtKosjD0dwDGXw4AJqcAN1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wf2aI/a</latexit>

w(3)
j

<latexit sha1_base64="9JMSM66KNyCTK9VIv0nIhGcw/P8=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkpiBT0WvXisYD8gjWWz3bRrN9mwO1FKyM/w4kERr/4ab/4bt20O2vpg4PHeDDPz/FhwDbb9bRVWVtfWN4qbpa3tnd298v5BW8tEUdaiUkjV9YlmgkesBRwE68aKkdAXrOOPr6d+55EpzWV0B5OYeSEZRjzglICR3Kd++pDdp9X6adYvV+yaPQNeJk5OKihHs1/+6g0kTUIWARVEa9exY/BSooBTwbJSL9EsJnRMhsw1NCIh0146OznDJ0YZ4EAqUxHgmfp7IiWh1pPQN50hgZFe9Kbif56bQHDppTyKE2ARnS8KEoFB4un/eMAVoyAmhhCquLkV0xFRhIJJqWRCcBZfXibts5pTrzm355XGVR5HER2hY1RFDrpADXSDmqiFKJLoGb2iNwusF+vd+pi3Fqx85hD9gfX5A+S6kP0=</latexit> ...z(2)
j

<latexit sha1_base64="/U5BI6r2ubz7lzZTHbYvf7aPySc=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9mtgh6LXjxWsB/SriWbZtvYJLskWaEu/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZeEHOmjet+O0vLK6tr67mN/ObW9s5uYW+/oaNEEVonEY9UK8CaciZp3TDDaStWFIuA02YwvJr4zUeqNIvkrRnF1Be4L1nICDZWunvqPtynpcrJuFsoumV3CrRIvIwUIUOtW/jq9CKSCCoN4VjrtufGxk+xMoxwOs53Ek1jTIa4T9uWSiyo9tPpwWN0bJUeCiNlSxo0VX9PpFhoPRKB7RTYDPS8NxH/89qJCS/8lMk4MVSS2aIw4chEaPI96jFFieEjSzBRzN6KyAArTIzNKG9D8OZfXiSNStk7LXs3Z8XqZRZHDg7hCErgwTlU4RpqUAcCAp7hFd4c5bw4787HrHXJyWYO4A+czx8dI4/z</latexit>

z! (2)
j

<latexit sha1_base64="MjYPTcWhFsUmb5oT0mVBLyugRyU=">AAAB+XicbVDLTsMwEHTKq5RXgCMXiwpRLlVSkOBYwYVjkehDakPkuE5r6jiR7VQqVv6ECwcQ4sqfcONvcNscoGWklUYzu9rdCRJGpXKcb6uwsrq2vlHcLG1t7+zu2fsHLRmnApMmjlksOgGShFFOmooqRjqJICgKGGkHo5up3x4TIWnM79UkIV6EBpyGFCNlJN+29VOmTzNfP2YPulI7y3y77FSdGeAycXNSBjkavv3V68c4jQhXmCEpu66TKE8joShmJCv1UkkShEdoQLqGchQR6enZ5Rk8MUofhrEwxRWcqb8nNIqknESB6YyQGspFbyr+53VTFV55mvIkVYTj+aIwZVDFcBoD7FNBsGITQxAW1NwK8RAJhJUJq2RCcBdfXiatWtU9r7p3F+X6dR5HERyBY1ABLrgEdXALGqAJMBiDZ/AK3ixtvVjv1se8tWDlM4fgD6zPH1+Ok3k=</latexit>

! (á)
<latexit sha1_base64="DSGzTYKR+NJYbAJ1JhYvLKBcRTs=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCnosevFYwX5AdynZbLYNTbJrki2U0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmhSln2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kitAmSXiiOiHWlDNJm4YZTjupoliEnLbD4d3Mb4+o0iyRj2ac0kDgvmQxI9hYKfA16wtc9UmUmPNeueLW3DnQKvFyUoEcjV75y48SkgkqDeFY667npiaYYGUY4XRa8jNNU0yGuE+7lkosqA4m86On6MwqEYoTZUsaNFd/T0yw0HosQtspsBnoZW8m/ud1MxPfBBMm08xQSRaL4owjk6BZAihiihLDx5Zgopi9FZEBVpgYm1PJhuAtv7xKWhc177LmPVxV6rd5HEU4gVOoggfXUId7aEATCDzBM7zCmzNyXpx352PRWnDymWP4A+fzB0PvkcM=</latexit>

a! (2)
j

<latexit sha1_base64="Mon6EHXCa11EjnXsym3XNpquRp0=">AAAB9XicbVBNT8JAEJ3iF+IX6tHLRmLEC2nRRI9ELx4xkY8ECtkuW1jZbpvdrYY0/R9ePGiMV/+LN/+NC/Sg4EsmeXlvJjPzvIgzpW3728qtrK6tb+Q3C1vbO7t7xf2DpgpjSWiDhDyUbQ8rypmgDc00p+1IUhx4nLa88c3Ubz1SqVgo7vUkom6Ah4L5jGBtpF6CT9N+8pD2knL1LO0XS3bFngEtEycjJchQ7xe/uoOQxAEVmnCsVMexI+0mWGpGOE0L3VjRCJMxHtKOoQIHVLnJ7OoUnRhlgPxQmhIazdTfEwkOlJoEnukMsB6pRW8q/ud1Yu1fuQkTUaypIPNFfsyRDtE0AjRgkhLNJ4ZgIpm5FZERlphoE1TBhOAsvrxMmtWKc15x7i5KtessjjwcwTGUwYFLqMEt1KEBBCQ8wyu8WU/Wi/Vufcxbc1Y2cwh/YH3+APCYkiM=</latexit>

Backprop for BatchNorm Parameters

@l

@�j
=

n!

i=1

@l

@a!(2)[i]
j

·
@a!(2)[i]

j

@�j
=

n!

i=1

@l

@a!(2)[i]
j

<latexit sha1_base64="2OzzFHnbTuHimPhmKFR0ZerI7ww="></latexit>

! l
!" j

=
n!

i =1

! l

! a! (2)[ i ]
j

á
! a! (2)[ i ]

j

!" j
=

n!

i =1

! l

! a! (2)[ i ]
j

áz! (2)[ i ]
j

<latexit sha1_base64="2a+BRUZ8VjjyxkmZiTBOiAg5D9M="></latexit>
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x1
<latexit sha1_base64="5HJHR/B9CHeIlPgqihTyAybn2c4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEMWo2i</latexit>

w(1)
j

<latexit sha1_base64="F7Swd/C4QN3QVLL72remZ0dqisQ=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJeyqoMegF48RzAM2a5idzCZjZmeWmV4lLPsZXjwo4tWv8ebfOHkcNLGgoajqprsrTAQ34LrfztLyyuraemGjuLm1vbNb2ttvGpVqyhpUCaXbITFMcMkawEGwdqIZiUPBWuHweuy3Hpk2XMk7GCUsiElf8ohTAlbyn7rZQ36fVbyTvFsqu1V3ArxIvBkpoxnq3dJXp6doGjMJVBBjfM9NIMiIBk4Fy4ud1LCE0CHpM99SSWJmgmxyco6PrdLDkdK2JOCJ+nsiI7Exozi0nTGBgZn3xuJ/np9CdBlkXCYpMEmni6JUYFB4/D/ucc0oiJElhGpub8V0QDShYFMq2hC8+ZcXSfO06p1Vvdvzcu1qFkcBHaIjVEEeukA1dIPqqIEoUugZvaI3B5wX5935mLYuObOZA/QHzucP4a6Q+w==</latexit>

w(2)
j

<latexit sha1_base64="a7DEW9TA7F3/3elNIcTaVl6Dj6g=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BItQLyWpgh6LXjxWsB+QxrLZbtq1m92wO1FKyM/w4kERr/4ab/4bt20O2vpg4PHeDDPzgpgzDY7zbRVWVtfWN4qbpa3tnd298v5BW8tEEdoikkvVDbCmnAnaAgacdmNFcRRw2gnG11O/80iVZlLcwSSmfoSHgoWMYDCS99RPH7L7tFo/zfrlilNzZrCXiZuTCsrR7Je/egNJkogKIBxr7blODH6KFTDCaVbqJZrGmIzxkHqGChxR7aezkzP7xCgDO5TKlAB7pv6eSHGk9SQKTGeEYaQXvan4n+clEF76KRNxAlSQ+aIw4TZIe/q/PWCKEuATQzBRzNxqkxFWmIBJqWRCcBdfXibtes09q7m355XGVR5HER2hY1RFLrpADXSDmqiFCJLoGb2iNwusF+vd+pi3Fqx85hD9gfX5A+M0kPw=</latexit>a(1)
j

<latexit sha1_base64="yiocqbqzfqGkxQidQIigucf7A/c=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquFfRY9OKxgv2Qdi3ZNNvGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqt56o0iySd2YcU1/ggWQhI9hY6R73Hh/Ssnc66RVLbsWdAS0TLyMlyFDvFb+6/YgkgkpDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lEguq/XR28ASdWKWPwkjZkgbN1N8TKRZaj0VgOwU2Q73oTcX/vE5iwks/ZTJODJVkvihMODIRmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvMWXl0nzrOJVK97teal2lcWRhyM4hjJ4cAE1uIE6NICAgGd4hTdHOS/Ou/Mxb8052cwh/IHz+QP04o/Z</latexit>

a(2)
j

<latexit sha1_base64="oFSf5mIvKefo1ut2K84bI/HuXwI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2Qdi3ZNNvGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqt56o0iySd2YcU1/ggWQhI9hY6R73Hh/ScvV00iuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6sUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhJd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5NmteKdVbzb81LtKosjD0dwDGXw4AJqcAN1aAABAc/wCm+Ocl6cd+dj3ppzsplD+APn8wf2aI/a</latexit>
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Backprop Beyond the BatchNorm Layer

Since the minibatch mean and variance act as 
parameters, we can/have to apply the 
multivariable chain rule
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Backprop for BatchNorm Parameters
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If you like engineering math, you can solve the remaining terms!
 as an ungraded HW exercise ;) 
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class  MultilayerPerceptron (torch.nn.Module):

    def  __init__ ( self , num_features, num_classes):
        super (MultilayerPerceptron, self ).__init__()
        
        ### 1st hidden layer
        self .linear_1 = torch.nn.Linear(num_features, num_hidden_1)
        self .linear_1_bn = torch.nn.BatchNorm1d(num_hidden_1)
        
        ### 2nd hidden layer
        self .linear_2 = torch.nn.Linear(num_hidden_1, num_hidden_2)
        self .linear_2_bn = torch.nn.BatchNorm1d(num_hidden_2)
        
        ### Output layer
        self .linear_out = torch.nn.Linear(num_hidden_2, num_classes)
        
    def  forward ( self , x):
        out = self .linear_1(x)
        # note that batchnorm is in the classic
        # sense placed before the activation
        out = self .linear_1_bn(out)
        out = F.relu(out)
        
        out = self .linear_2(out)
        out = self .linear_2_bn(out)
        out = F.relu(out)
        
        logits = self .linear_out(out)
        probas = F.softmax(logits, dim= 1)
        return  logits, probas

BatchNorm in PyTorch
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class  MultilayerPerceptron (torch.nn.Module):

    def  __init__ ( self , num_features, num_classes):
        super (MultilayerPerceptron, self ).__init__()
        
        ### 1st hidden layer
        self .linear_1 = torch.nn.Linear(num_features, num_hidden_1)
        self .linear_1_bn = torch.nn.BatchNorm1d(num_hidden_1)
        
        ### 2nd hidden layer
        self .linear_2 = torch.nn.Linear(num_hidden_1, num_hidden_2)
        self .linear_2_bn = torch.nn.BatchNorm1d(num_hidden_2)
        
        ### Output layer
        self .linear_out = torch.nn.Linear(num_hidden_2, num_classes)
        
    def  forward ( self , x):
        out = self .linear_1(x)
        # note that batchnorm is in the classic
        # sense placed before the activation
        out = self .linear_1_bn(out)
        out = F.relu(out)
        
        out = self .linear_2(out)
        out = self .linear_2_bn(out)
        out = F.relu(out)
        
        logits = self .linear_out(out)
        probas = F.softmax(logits, dim= 1)
        return  logits, probas

BatchNorm in PyTorch

don't forget model.train() !
and model.eval() !

in training and test loops
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BatchNorm During Prediction ("Inference")

¥ Use exponentially weighted average (moving average) of mean 
and variance

running_mean = momentum * running_mean !
               + (1 - momentum) * sample_mean !

(where momentum is typically ~0.1; and same for variance)

¥ Alternatively, can also use global training set mean and variance
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Io!e, S., & Szegedy, C. (2015, June). Batch Normalization: Accelerating 
Deep Network Training by Reducing Internal Covariate Shift. In 
International Conference on Machine Learning (pp. 448-456).

http://proceedings.mlr.press/v37/io!e15.html

BatchNorm and Internal Covariate Shift

Internal Covariate Shift is jargon for saying that the layer input 
distribution changes ("feature shift" in hidden layers )

But there is actually no guarantee or evidence 
that BatchNorm helps with covariate shift

In my opinion, BatchNorm just provides additional parameters 
that will help layers to learn a little bit more independently
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How Does Batch Normalization Help Optimization?
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Abstract

Batch Normalization (BatchNorm) is a widely adopted technique that enables
faster and more stable training of deep neural networks (DNNs). Despite its
pervasiveness, the exact reasons for BatchNorm’s effectiveness are still poorly
understood. The popular belief is that this effectiveness stems from controlling
the change of the layers’ input distributions during training to reduce the so-called
“internal covariate shift”. In this work, we demonstrate that such distributional
stability of layer inputs has little to do with the success of BatchNorm. Instead,
we uncover a more fundamental impact of BatchNorm on the training process: it
makes the optimization landscape significantly smoother. This smoothness induces
a more predictive and stable behavior of the gradients, allowing for faster training.

1 Introduction

Over the last decade, deep learning has made impressive progress on a variety of notoriously
difficult tasks in computer vision [16, 7], speech recognition [5], machine translation [29], and
game-playing [18, 25]. This progress hinged on a number of major advances in terms of hardware,
datasets [15, 23], and algorithmic and architectural techniques [27, 12, 20, 28]. One of the most
prominent examples of such advances was batch normalization (BatchNorm) [10].

At a high level, BatchNorm is a technique that aims to improve the training of neural networks by
stabilizing the distributions of layer inputs. This is achieved by introducing additional network layers
that control the first two moments (mean and variance) of these distributions.

The practical success of BatchNorm is indisputable. By now, it is used by default in most deep learning
models, both in research (more than 6,000 citations) and real-world settings. Somewhat shockingly,
however, despite its prominence, we still have a poor understanding of what the effectiveness of
BatchNorm is stemming from. In fact, there are now a number of works that provide alternatives to
BatchNorm [1, 3, 13, 31], but none of them seem to bring us any closer to understanding this issue.
(A similar point was also raised recently in [22].)

Currently, the most widely accepted explanation of BatchNorm’s success, as well as its original
motivation, relates to so-called internal covariate shift (ICS). Informally, ICS refers to the change in
the distribution of layer inputs caused by updates to the preceding layers. It is conjectured that such
continual change negatively impacts training. The goal of BatchNorm was to reduce ICS and thus
remedy this effect.

Even though this explanation is widely accepted, we seem to have little concrete evidence supporting
it. In particular, we still do not understand the link between ICS and training performance. The chief
goal of this paper is to address all these shortcomings. Our exploration lead to somewhat startling
discoveries.

⇤Equal contribution.

32nd Conference on Neural Information Processing Systems (NeurIPS 2018), Montréal, Canada.
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Our Contributions. Our point of start is demonstrating that there does not seem to be any link
between the performance gain of BatchNorm and the reduction of internal covariate shift. Or that this
link is tenuous, at best. In fact, we Þnd that in a certain senseBatchNorm might not even be reducing
internal covariate shift.

We then turn our attention to identifying the roots of BatchNormÕs success. SpeciÞcally, we demon-
strate that BatchNorm impacts network training in a fundamental way: it makes the landscape of
the corresponding optimization problemsigniÞcantly more smooth. This ensures, in particular, that
the gradients are more predictive and thus allows for use of larger range of learning rates and faster
network convergence. We provide an empirical demonstration of these Þndings as well as their
theoretical justiÞcation. We prove that, under natural conditions, the Lipschitzness of both the loss
and the gradients (also known as! -smoothness [21]) are improved in models with BatchNorm.

Finally, we Þnd that this smoothening effect is not uniquely tied to BatchNorm. A number of other
natural normalization techniques have a similar (and, sometime, even stronger) effect. In particular,
they all offer similar improvements in the training performance.

We believe that understanding the roots of such a fundamental techniques as BatchNorm will let us
have a signiÞcantly better grasp of the underlying complexities of neural network training and, in
turn, will inform further algorithmic progress in this context.

Our paper is organized as follows. In Section 2, we explore the connections between BatchNorm,
optimization, and internal covariate shift. Then, in Section 3, we demonstrate and analyze the exact
roots of BatchNormÕs success in deep neural network training. We present our theoretical analysis in
Section 4. We discuss further related work in Section 5 and conclude in Section 6.

2 Batch normalization and internal covariate shift

Batch normalization (BatchNorm) [10] has been arguably one of the most successful architectural
innovations in deep learning. But even though its effectiveness is indisputable, we do not have a Þrm
understanding of why this is the case.

Broadly speaking, BatchNorm is a mechanism that aims to stabilize the distribution (over a mini-
batch) of inputs to a given network layer during training. This is achieved by augmenting the network
with additional layers that set the Þrst two moments (mean and variance) of the distribution of each
activation to be zero and one respectively. Then, the batch normalized inputs are also typically scaled
and shifted based on trainable parameters to preserve model expressivity. This normalization is
applied before the non-linearity of the previous layer.

One of the key motivations for the development of BatchNorm was the reduction of so-calledinternal
covariate shift(ICS). This reduction has been widely viewed as the root of BatchNormÕs success.
Ioffe and Szegedy [10] describe ICS as the phenomenon wherein the distribution of inputs to a layer
in the network changes due to an update of parameters of the previous layers. This change leads to a
constant shift of the underlying training problem and is thus believed to have detrimental effect on
the training process.

Figure 1: Comparison of (a) training (optimization) and (b) test (generalization) performance of a
standard VGG network trained on CIFAR-10 with and without BatchNorm (details in Appendix A).
There is a consistent gain in training speed in models with BatchNorm layers. (c) Even though the
gap between the performance of the BatchNorm and non-BatchNorm networks is clear, the difference
in the evolution of layer input distributions seems to be much less pronounced. (Here, we sampled
activations of a given layer and visualized their distribution over training steps.)

2Santurkar, S., Tsipras, D., Ilyas, A., & Madry, A. (2018). How does batch normalization help optimization?. 
In Advances in Neural Information Processing Systems (pp. 2488-2498).

BatchNorm Enables Faster Convergence By!
Allowing Larger Learning Rates
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Santurkar, S., Tsipras, D., Ilyas, A., & Madry, A. (2018). How does batch normalization help optimization?. 
In Advances in Neural Information Processing Systems (pp. 2488-2498).

Good Performance of BatchNorm Seems Unrelated to 
Covariate Shift Prevention

Despite its fundamental role and widespread use in deep learning, the underpinnings of BatchNormÕs
success remain poorly understood [22]. In this work we aim to address this gap. To this end, we start
by investigating the connection between ICS and BatchNorm. SpeciÞcally, we consider Þrst training
a standard VGG [26] architecture on CIFAR-10 [15] with and without BatchNorm. As expected,
Figures 1(a) and (b) show a drastic improvement, both in terms of optimization and generalization
performance, for networks trained with BatchNorm layers. Figure 1(c) presents, however, a surprising
Þnding. In this Þgure, we visualize to what extent BatchNorm is stabilizing distributions of layer
inputs by plotting the distribution (over a batch) of a random input over training. Surprisingly, the
difference in distributional stability (change in the mean and variance) in networks with and without
BatchNorm layers seems to be marginal. This observation raises the following questions:

(1) Is the effectiveness of BatchNorm indeed related to internal covariate shift?
(2) Is BatchNormÕs stabilization of layer input distributions even effective in reducing ICS?

We now explore these questions in more depth.

2.1 Does BatchNormÕs performance stem from controlling internal covariate shift?

The central claim in [10] is that controlling the mean and variance of distributions of layer inputs is
directly connected to improved training performance. Can we, however, substantiate this claim?

We propose the following experiment. We train networks withrandomnoise injectedafterBatchNorm
layers. SpeciÞcally, we perturb each activation for each sample in the batch using i.i.d. noise sampled
from anon-zeromean andnon-unitvariance distribution. We emphasize that this noise distribution
changesat each time step (see Appendix A for implementation details).

Note that such noise injection produces a severe covariate shift that skews activations at every time
step. Consequently, every unit in the layer experiences adifferentdistribution of inputs ateach
time step. We then measure the effect of this deliberately introduced distributional instability on
BatchNormÕs performance. Figure 2 visualizes the training behavior of standard, BatchNorm and our
ÒnoisyÓ BatchNorm networks. Distributions of activations over time from layers at the same depth in
each one of the three networks are shown alongside.

Observe that the performance difference between models with BatchNorm layers, and ÒnoisyÓ Batch-
Norm layers is almost non-existent. Also, both these networks perform much better than standard
networks. Moreover, the ÒnoisyÓ BatchNorm network has qualitativelyless stabledistributions than
even the standard, non-BatchNorm network, yet itstill performs betterin terms of training. To put

Figure 2: Connections between distributional stability and BatchNorm performance: We compare
VGG networks trained without BatchNorm (Standard), with BatchNorm (Standard + BatchNorm)
and with explicit Òcovariate shiftÓ added to BatchNorm layers (Standard + ÒNoisyÓ BatchNorm).
In the later case, we induce distributional instability by addingtime-varying, non-zeromean and
non-unitvariance noise independently to each batch normalized activation. The ÒnoisyÓ BatchNorm
model nearly matches the performance of standard BatchNorm model, despite complete distributional
instability. We sampled activations of a given layer and visualized their distributions (also cf. Figure 7).

3
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BatchNorm Variants

Pre-Activation Post-Activation
May make more sense,!

but less common
"Original" version 

as discussed in!
previous slides

compute net inputs

BatchNorm

apply activation function

compute net inputs

BatchNorm

apply activation function

compute next-layer net inputs compute next-layer net inputs
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https://github.com/ducha-aiki/ca!enet-benchmark/blob/master/batchnorm.md#bn----before-or-
after-relu

Some Benchmarks

https://github.com/ducha-aiki/caffenet-benchmark/blob/master/batchnorm.md#bn----before-or-after-relu
https://github.com/ducha-aiki/caffenet-benchmark/blob/master/batchnorm.md#bn----before-or-after-relu
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https://github.com/ducha-aiki/ca!enet-benchmark/blob/master/batchnorm.md#bn----before-or-
after-relu

Some Benchmarks

https://github.com/ducha-aiki/caffenet-benchmark/blob/master/batchnorm.md#bn----before-or-after-relu
https://github.com/ducha-aiki/caffenet-benchmark/blob/master/batchnorm.md#bn----before-or-after-relu
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https://github.com/ducha-aiki/ca!enet-benchmark/blob/master/batchnorm.md#bn----before-or-
after-relu

Some Benchmarks

https://github.com/ducha-aiki/caffenet-benchmark/blob/master/batchnorm.md#bn----before-or-after-relu
https://github.com/ducha-aiki/caffenet-benchmark/blob/master/batchnorm.md#bn----before-or-after-relu
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Practical Consideration

BatchNorm become more stable with larger minibatch sizes
2 Wu and He

2481632
batch size (images per worker)

22
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Batch Norm
Group Norm Figure 1. ImageNet classiÞcation error vs. batch

sizes. The model is ResNet-50 trained in the Ima-
geNet training set using 8 workers (GPUs) and evalu-
ated in the validation set. BN’s error increases rapidly
when reducing the batch size. GN’s computation is in-
dependent of batch sizes, and its error rate is stable
despite the batch size changes. GN has substantially
lower error (by 10%) than BN with a batch size of 2.

As a result, many recent models [2,3,5,6,7] are trained with non-trivialbatch
sizes that are memory-consuming. The heavy reliance on BNÕs e! ectiveness to
train models in turn prohibits people from exploring higher-capacity models that
would be limited by memory.

The restriction on batch sizes is more demanding in computer vision tasks
including detection [8,9,10], segmentation [11,10], video recognition [12,13], and
other high-level systems built on them. E.g., the Fast/er and Mask R-CNN
frameworks [8,9,10] use a batch size of 1 or 2 images because of higher resolution,
where BN is ÒfrozenÓ by transforming to a linear layer [3]; in video classiÞcation
with 3D convolutions [12,13], the presence of spatial-temporal features introduces
a trade-o! between the temporal length and batch size. The usage of BN often
requires these systems to compromise between the model design and batch sizes.

This paper presents Group Normalization (GN) as a simple alternative to
BN. We notice that many classical features like SIFT [14] and HOG [15] are
group-wise features and involvegroup-wise normalization. For example, a HOG
vector is the outcome of several spatial cells where each cell is represented by
a normalized orientation histogram. Analogously, we propose GN as a layer
that divides channels into groups and normalizes the features withineach group
(Figure 2). GN does not exploit the batch dimension, and its computation is
independent of batch sizes.

GN behaves very stably over a wide range of batch sizes (Figure 1). With a
batch size of 2 samples, GN has 10.6% lower error than its BN counterpart for
ResNet-50 [3] in ImageNet [16]. With a regular batch size, GN is comparably
good as BN (with a gap of! 0.5%) and outperforms other normalization variants
[17,18,19]. Moreover, although the batch size may change, GN can naturally
transfer from pre-training to Þne-tuning. GN shows improved results vs. its BN
counterpart on Mask R-CNN for COCO object detection and segmentation [20],
and on 3D convolutional networks for Kinetics video classiÞcation [21]. The
e! ectiveness of GN in ImageNet, COCO, and Kinetics demonstrates thatGN is
a competitive alternative to BN that has been dominant in these tasks.

There have been existing methods, such as Layer Normalization (LN) [17] and
Instance Normalization (IN) [18] (Figure 2), that also avoid normalizing along
the batch dimension. These methods are e! ective for training sequential models
(RNN/LSTM [22,23]) or generative models (GANs [24,25]). But as we will show
by experiments, both LN and IN have limited success in visual recognition, for

Wu, Y., & He, K. (2018). Group normalization. In Proceedings of the European Conference on Computer Vision (ECCV) (pp. 3-19).
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Wu, Y., & He, K. (2018). Group normalization. In Proceedings of the European Conference on Computer Vision (ECCV) (pp. 3-19).

Other Normalization Methods for Hidden Activations

(will revisit after Spring Break after introducing Convolutional Neural Networks)

4 Wu and He

H
, W

C N

Batch Norm

H
, W

C N

Layer Norm

H
, W

C N

Instance Norm

H
, W

C N

Group Norm

Figure 2. Normalization methods . Each subplot shows a feature map tensor. The
pixels in blue are normalized by the same mean and variance, computed by aggregating
the values of these pixels. Group Norm is illustrated using a group number of 2.

Group-wise computation. Group convolutionshave been presented by AlexNet
[28] for distributing a model into two GPUs. The concept of groups as a di-
mension for model design has been more widely studied recently. The work of
ResNeXt [7] investigates the trade-o! between depth, width, and groups, and
it suggests that a larger number of groups can improve accuracy under similar
computational cost. MobileNet [38] and Xception [39] exploitchannel-wise(also
called Òdepth-wiseÓ) convolutions, which are group convolutions with a group
number equal to the channel number. Shu" eNet [40] proposes a channel shu" e
operation that permutes the axes of grouped features. These methods allin-
volve dividing the channel dimension into groups. Despite the relation to these
methods, GN doesnot require group convolutions. GN is a generic layer, as we
evaluate in standard ResNets [3].

3 Group Normalization

The channels of visual representations are not entirely independent. Classical
features of SIFT [14], HOG [15], and GIST [41] aregroup-wise representations
by design, where each group of channels is constructed by some kind of his-
togram. These features are often processed bygroup-wise normalization over
each histogram or each orientation. Higher-level features such as VLAD [42]
and Fisher Vectors (FV) [43] are also group-wise features where a group can be
thought of as the sub-vector computed with respect to a cluster.

Analogously, it is not necessary to think of deep neural network features
as unstructured vectors. For example, for conv1 (the Þrst convolutional layer)
of a network, it is reasonable to expect a Þlter and its horizontal ßipping to
exhibit similar distributions of Þlter responses on natural images. If conv1 hap-
pens to approximately learn this pair of Þlters, or if the horizontal ßipping (or
other transformations) is made into the architectures by design [44,45],then the
corresponding channels of these Þlters can be normalized together.

The higher-level layers are more abstract and their behaviors are not as
intuitive. However, in addition to orientations (SIFT [14], HOG [15], or [ 44,45]),
there are many factors that could lead to grouping, e.g., frequency, shapes,
illumination, textures. Their coe# cients can be interdependent. In fact, a well-
accepted computational model in neuroscience is to normalize across the cell
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Why Minibatch Sizes as Powers of 2?

¥ Related to SIMD - Single Instruction Multiple Data - paradigm used by CPUs/
GPUs 

¥ Comes from mapping the computations (e.g., dot products) to physical 
processing cores on the GPU, where the number of processing cores is usually a 
power of 2

Source: https://upload.wikimedia.org/wikipedia/
commons/thumb/c/ce/SIMD2.svg/440px-
SIMD2.svg.png

(It might be one of the archaic DL conventions/
traditions, and I don't think this matters much 
anymore for modern frameworks)

¥ E.g., if we have 48 columns in a matrix, we can map 3 
dot products to each processing core if we have 16 
processing cores (GPUs usually have many, many more 
processing cores)
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Reading Assignments (Optional)

Io!e, S., & Szegedy, C. (2015, June). Batch Normalization: Accelerating Deep Network Training by Reducing Internal 
Covariate Shift. In International Conference on Machine Learning (pp. 448-456).

http://proceedings.mlr.press/v37/io!e15.html
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Weight Initialization

¥ We previously discussed that we want to initialize weight to small, 
random numbers to break symmetry 

¥ Also, we want the weights to be relatively, why?

Tip (from an earlier slide):
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o
<latexit sha1_base64="zmvhV5w6wvufBjgJnplzs3qmpp8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWML9gPaUDbbSbt2sxt2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzfz2EyrNpHgwkwSDmAwFixglxkoN2S9XvKo3h7tK/JxUIEe9X/7qDSRNYxSGcqJ11/cSE2REGUY5Tku9VGNC6JgMsWupIDHqIJsfOnXPrDJwI6lsCePO1d8TGYm1nsSh7YyJGellbyb+53VTE90EGRNJalDQxaIo5a6R7uxrd8AUUsMnlhCqmL3VpSOiCDU2m5INwV9+eZW0Lqr+ZdVrXFVqt3kcRTiBUzgHH66hBvdQhyZQQHiGV3hzHp0X5935WLQWnHzmGP7A+fwB2T+M9Q==</latexit>
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<latexit sha1_base64="gBTwEt+X3BPX1KgMo6lYVWIC09o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindece8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEN3o2j</latexit>
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<latexit sha1_base64="94K/4WUXlcb/JabfmqCJ0lfwAyA=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCnosevFYwX5Am5bNdtMu3WzC7sZSQv6HFw+KePW/ePPfuG1z0NYHA4/3ZpiZ50WcKW3b31ZubX1jcyu/XdjZ3ds/KB4eNVUYS0IbJOShbHtYUc4EbWimOW1HkuLA47Tlje9mfuuJSsVC8ainEXUDPBTMZwRrI/Um/cS5QNW0l5Sd87RfLNkVew60SpyMlCBDvV/86g5CEgdUaMKxUh3HjrSbYKkZ4TQtdGNFI0zGeEg7hgocUOUm86tTdGaUAfJDaUpoNFd/TyQ4UGoaeKYzwHqklr2Z+J/XibV/4yZMRLGmgiwW+TFHOkSzCNCASUo0nxqCiWTmVkRGWGKiTVAFE4Kz/PIqaVYrzmXFfrgq1W6zOPJwAqdQBgeuoQb3UIcGEJDwDK/wZk2sF+vd+li05qxs5hj+wPr8Ab/OkV0=</latexit>
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<latexit sha1_base64="51Rbp1GGPW28qr7Kl7NY0LPiq2o=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquCnosevFYwX5Iu5Zsmm1Dk+ySZIWy9Fd48aCIV3+ON/+N6XYP2vpg4PHeDDPzgpgzbVz32ymsrK6tbxQ3S1vbO7t75f2Dlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB+Gbmt5+o0iyS92YSU1/goWQhI9hY6QH3vce06p1O++WKW3MzoGXi5aQCORr98ldvEJFEUGkIx1p3PTc2foqVYYTTaamXaBpjMsZD2rVUYkG1n2YHT9GJVQYojJQtaVCm/p5IsdB6IgLbKbAZ6UVvJv7ndRMTXvkpk3FiqCTzRWHCkYnQ7Hs0YIoSwyeWYKKYvRWREVaYGJtRyYbgLb68TFpnNe+85t5dVOrXeRxFOIJjqIIHl1CHW2hAEwgIeIZXeHOU8+K8Ox/z1oKTzxzCHzifP5zWj58=</latexit>

a(1)2
<latexit sha1_base64="UEIEXkJI4Qcu+777LfA5dwpJBR0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuK+ix6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0gPuVx/Tsnc+7RdLbsWdA60SLyMlyNDoF796g4gkgkpDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lEguq/XR+8BSdWWWAwkjZkgbN1d8TKRZaT0RgOwU2I73szcT/vG5iwis/ZTJODJVksShMODIRmn2PBkxRYvjEEkwUs7ciMsIKE2MzKtgQvOWXV0mrWvFqFffuolS/zuLIwwmcQhk8uIQ63EIDmkBAwDO8wpujnBfn3flYtOacbOYY/sD5/AGeYI+g</latexit>

a(1)3
<latexit sha1_base64="F0cJIqijoEg/scv4wVZxoymO2Dc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquLeix6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0gPuVx/Tsnc+7RdLbsWdA60SLyMlyNDoF796g4gkgkpDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lEguq/XR+8BSdWWWAwkjZkgbN1d8TKRZaT0RgOwU2I73szcT/vG5iwis/ZTJODJVksShMODIRmn2PBkxRYvjEEkwUs7ciMsIKE2MzKtgQvOWXV0nrouJVK+5drVS/zuLIwwmcQhk8uIQ63EIDmkBAwDO8wpujnBfn3flYtOacbOYY/sD5/AGf6o+h</latexit>

a(2)2
<latexit sha1_base64="Rx/RXsiT+s/v11w3kFUY/JZyKRU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuK+ix6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0gPuVx/TcvV82i+W3Io7B1olXkZKkKHRL371BhFJBJWGcKx113Nj46dYGUY4nRZ6iaYxJmM8pF1LJRZU++n84Ck6s8oAhZGyJQ2aq78nUiy0nojAdgpsRnrZm4n/ed3EhFd+ymScGCrJYlGYcGQiNPseDZiixPCJJZgoZm9FZIQVJsZmVLAheMsvr5JWteLVKu7dRal+ncWRhxM4hTJ4cAl1uIUGNIGAgGd4hTdHOS/Ou/OxaM052cwx/IHz+QOf5o+h</latexit>

a(2)1
<latexit sha1_base64="vfx38n+ae04OFRd5luhElMypRJ0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuK+ix6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0gPue49puXo+7RdLbsWdA60SLyMlyNDoF796g4gkgkpDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lEguq/XR+8BSdWWWAwkjZkgbN1d8TKRZaT0RgOwU2I73szcT/vG5iwis/ZTJODJVksShMODIRmn2PBkxRYvjEEkwUs7ciMsIKE2MzKtgQvOWXV0mrWvFqFffuolS/zuLIwwmcQhk8uIQ63EIDmkBAwDO8wpujnBfn3flYtOacbOYY/sD5/AGeXI+g</latexit>

w(1)
1,3

<latexit sha1_base64="MjoriDaix6GZhq5KkAUBLNsPXo8=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgpTECnosevFYwX5Am5bNdtMu3WzC7sZSQv6HFw+KePW/ePPfuG1z0NYHA4/3ZpiZ50WcKW3b31ZubX1jcyu/XdjZ3ds/KB4eNVUYS0IbJOShbHtYUc4EbWimOW1HkuLA47Tlje9mfuuJSsVC8ainEXUDPBTMZwRrI/Um/cS5QNW0l5Sd87RfLNkVew60SpyMlCBDvV/86g5CEgdUaMKxUh3HjrSbYKkZ4TQtdGNFI0zGeEg7hgocUOUm86tTdGaUAfJDaUpoNFd/TyQ4UGoaeKYzwHqklr2Z+J/XibV/4yZMRLGmgiwW+TFHOkSzCNCASUo0nxqCiWTmVkRGWGKiTVAFE4Kz/PIqaV5WnGrFfrgq1W6zOPJwAqdQBgeuoQb3UIcGEJDwDK/wZk2sF+vd+li05qxs5hj+wPr8AcFZkV4=</latexit>

w(2)
1,1

<latexit sha1_base64="UUz+fFdIMuJxCEAyuchQQrqM+Xo=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCnosevFYwX5Am5bNdtMu3WzC7sZSQv6HFw+KePW/ePPfuG1z0NYHA4/3ZpiZ50WcKW3b31ZubX1jcyu/XdjZ3ds/KB4eNVUYS0IbJOShbHtYUc4EbWimOW1HkuLA47Tlje9mfuuJSsVC8ainEXUDPBTMZwRrI/Um/cS5QE7aS8rV87RfLNkVew60SpyMlCBDvV/86g5CEgdUaMKxUh3HjrSbYKkZ4TQtdGNFI0zGeEg7hgocUOUm86tTdGaUAfJDaUpoNFd/TyQ4UGoaeKYzwHqklr2Z+J/XibV/4yZMRLGmgiwW+TFHOkSzCNCASUo0nxqCiWTmVkRGWGKiTVAFE4Kz/PIqaVYrzmXFfrgq1W6zOPJwAqdQBgeuoQb3UIcGEJDwDK/wZk2sF+vd+li05qxs5hj+wPr8Ab/JkV0=</latexit>
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3,1

<latexit sha1_base64="cEzid11tbdqRtUGPTS00ftF0Nlk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJUkJK0gh6LXjxWsB/QpmWz3bRLN5uwu7GUkP/hxYMiXv0v3vw3btsctPXBwOO9GWbmeRFnStv2t7W2vrG5tZ3bye/u7R8cFo6OmyqMJaENEvJQtj2sKGeCNjTTnLYjSXHgcdryxnczv/VEpWKheNTTiLoBHgrmM4K1kXqTflK9RE7aS0qVi7RfKNplew60SpyMFCFDvV/46g5CEgdUaMKxUh3HjrSbYKkZ4TTNd2NFI0zGeEg7hgocUOUm86tTdG6UAfJDaUpoNFd/TyQ4UGoaeKYzwHqklr2Z+J/XibV/4yZMRLGmgiwW+TFHOkSzCNCASUo0nxqCiWTmVkRGWGKiTVB5E4Kz/PIqaVbKTrVsP1wVa7dZHDk4hTMogQPXUIN7qEMDCEh4hld4sybWi/VufSxa16xs5gT+wPr8AcLlkV8=</latexit>
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<latexit sha1_base64="duY3mtbRiHW1HhXeSoGG3GDEm3E="></latexit>

y
<latexit sha1_base64="cs1Q9fet/6GNtc+Tzw/y6WCTX8Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0Io/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHkyXoR3QoecgZNVZqZP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03Mf6EKsOZwGmpl2pMKBvTIXYtlTRC7U/mh07JmVUGJIyVLWnIXP09MaGR1lkU2M6ImpFe9mbif143NeGNP+EySQ1KtlgUpoKYmMy+JgOukBmRWUKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kD6GeM/w==</latexit>

l
<latexit sha1_base64="E5Kc1ZKr520j8ga7QDzfGA0mefk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUEP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvsuo2riq12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4A1LOM8g==</latexit>

L (y, o) = l
<latexit sha1_base64="xkDVhV2R7yGjiI8Bkoa6EodHAlw=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIFaQkKuhGKLpx4aKCfUAbymQ6aYdOJmFmIpRQ8FfcuFDErd/hzr9x0mah1QMDh3Pu5Z45fsyZ0o7zZRUWFpeWV4qrpbX1jc0te3unqaJEEtogEY9k28eKciZoQzPNaTuWFIc+py1/dJ35rQcqFYvEvR7H1AvxQLCAEayN1LP3uiHWQ4J5ejupjI9RdIQuEe/ZZafqTIH+EjcnZchR79mf3X5EkpAKTThWquM6sfZSLDUjnE5K3UTRGJMRHtCOoQKHVHnpNP4EHRqlj4JImic0mqo/N1IcKjUOfTOZhVXzXib+53USHVx4KRNxoqkgs0NBwpGOUNYF6jNJieZjQzCRzGRFZIglJto0VjIluPNf/kuaJ1X3tOrcnZVrV3kdRdiHA6iAC+dQgxuoQwMIpPAEL/BqPVrP1pv1PhstWPnOLvyC9fENUuuUZw==</latexit>

w(3)
1,1

<latexit sha1_base64="2hc9HR5bv0+inQ8IsEn3Gd2v7nM=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgpTECnosevFYwX5Am5bNdtMu3WzC7sZSQv6HFw+KePW/ePPfuG1z0NYHA4/3ZpiZ50WcKW3b31ZubX1jcyu/XdjZ3ds/KB4eNVUYS0IbJOShbHtYUc4EbWimOW1HkuLA47Tlje9mfuuJSsVC8ainEXUDPBTMZwRrI/Um/cS5QE7aS8rV87RfLNkVew60SpyMlCBDvV/86g5CEgdUaMKxUh3HjrSbYKkZ4TQtdGNFI0zGeEg7hgocUOUm86tTdGaUAfJDaUpoNFd/TyQ4UGoaeKYzwHqklr2Z+J/XibV/4yZMRLGmgiwW+TFHOkSzCNCASUo0nxqCiWTmVkRGWGKiTVAFE4Kz/PIqaV5WnGrFfrgq1W6zOPJwAqdQBgeuoQb3UIcGEJDwDK/wZk2sF+vd+li05qxs5hj+wPr8AcFPkV4=</latexit>

Now, imagine, we have many layers and 
sigmoid activations ...

Sidenote: Vanishing/Exploding Gradient problems
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Sidenote: Vanishing/Exploding Gradient problems
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<latexit sha1_base64="duY3mtbRiHW1HhXeSoGG3GDEm3E="></latexit>

Now, imagine, we have many layers and 
logistic sigmoid activations ...

�0(z[i ]) = �(z[i ]) á(1 ! �(z[i ]))
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! (z) =
1

1 + e! z
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d
dz

! (z) =
e! z

(1 + e! z )2 = ! (z)(1 ! ! (z))
<latexit sha1_base64="W9vRWm8kOss6A+x0J6A9OywGNA0="></latexit>

Sidenote: Vanishing/Exploding Gradient problems
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Assume, we have the largest gradient: 

d
dz

! (0.0) = ! (0.0)(1 ! ! (0.0)) = 0 .25
<latexit sha1_base64="67QgeqKdwpj5vQG8pStRHK45ebA=">AAACKXicbVDLSsNAFJ34rPUVdelmsAh1YUiqohuh6MZlBfuAJpTJZNIOnTyYmQg15Hfc+CtuFBR16484abPowwMD555zL3fucWNGhTTNb21peWV1bb20Ud7c2t7Z1ff2WyJKOCZNHLGId1wkCKMhaUoqGenEnKDAZaTtDm9zv/1IuKBR+CBHMXEC1A+pTzGSSurpddvnCKdelnpPGbQF7QeoahrmCbyGM2XVgqfTQt5gGrWLnl5R5RhwkVgFqYACjZ7+bnsRTgISSsyQEF3LjKWTIi4pZiQr24kgMcJD1CddRUMUEOGk40szeKwUD/oRVy+UcKxOT6QoEGIUuKozQHIg5r1c/M/rJtK/clIaxokkIZ4s8hMGZQTz2KBHOcGSjRRBmFP1V4gHSEUnVbhlFYI1f/IiadUM68yo3Z9X6jdFHCVwCI5AFVjgEtTBHWiAJsDgGbyCD/CpvWhv2pf2M2ld0oqZAzAD7fcP0PGhSw==</latexit>

Even then, for, e.g., 10 layers, we degrade the other gradients!
substantially!

0.2510 ! 10! 6
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Sidenote: Vanishing/Exploding Gradient problems
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Sidenote: Vanishing/Exploding Gradient problems

How, do you think, does ReLU behave?
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Weight Initialization

¥ Traditionally, we can initialize weights by sampling from a random 
uniform distribution in range [0, 1], or better, [-0.5, 0.5] 

¥ Or, we could sample from a Gaussian distribution with mean 0!
and small variance (e.g., 0.1 or 0.01) 

¥ When would you choose which?

Tip (from an earlier slide):
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Weight Initialization

Tip (from an earlier slide):

Sidenote: You can initialize the 
bias units to all zeros

¥ Traditionally, we can initialize weights by sampling from a random 
uniform distribution in range [0, 1], or better, [-0.5, 0.5] 

¥ Or, we could sample from a Gaussian distribution with mean 0!
and small variance (e.g., 0.1 or 0.01) 

¥ When would you choose which?
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Custom Weight Initialization in PyTorch

class  MLP(torch.nn.Module):

    def  __init__ ( self , num_features, num_hidden, num_classes):
        super (MLP, self ).__init__()
        
        self .num_classes = num_classes
        
        ### 1st hidden layer
        self .linear_1 = torch.nn.Linear(num_features, num_hidden)
        self .linear_1.weight.detach().normal_( 0.0 , 0.1 )
        self .linear_1.bias.detach().zero_()

        ### Output layer
        self .linear_out = torch.nn.Linear(num_hidden, num_classes)
        self .linear_out.weight.detach().normal_( 0.0 , 0.1 )
        self .linear_out.bias.detach().zero_()
        
    def  forward ( self , x):
        out = self .linear_1(x)
        out = torch.sigmoid(out)
        logits = self .linear_out(out)
        probas = torch.sigmoid(logits)
        return  logits, probas
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Custom Weight Initialization in PyTorch

class  MLP(torch.nn.Module):

    def  __init__ ( self , num_features, num_hidden, num_classes):
        super (MLP, self ).__init__()
        
        self .num_classes = num_classes
        
        ### 1st hidden layer
        self .linear_1 = torch.nn.Linear(num_features, num_hidden)
        self .linear_1.weight.detach().normal_( 0.0 , 0.1 )
        self .linear_1.bias.detach().zero_()

        ### Output layer
        self .linear_out = torch.nn.Linear(num_hidden, num_classes)
        self .linear_out.weight.detach().normal_( 0.0 , 0.1 )
        self .linear_out.bias.detach().zero_()
        
    def  forward ( self , x):
        out = self .linear_1(x)
        out = torch.sigmoid(out)
        logits = self .linear_out(out)
        probas = torch.sigmoid(logits)
        return  logits, probas
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Weight Initialization -- Xavier Initialization
Glorot, Xavier, and Yoshua Bengio. "Understanding the difficulty of training deep feedforward neural networks." 
Proceedings of the thirteenth international conference on artificial intelligence and statistics. 2010.

¥ TanH is a bit more robust regarding vanishing gradients (compared 
to logistic sigmoid) 

¥ It still has the problem of saturation (near zero gradients if inputs 
are very large, positive or negative values) 

¥ Xavier initialization is a small improvement for initializing weights 
for tanH
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Weight Initialization -- Xavier Initialization
Glorot, Xavier, and Yoshua Bengio. "Understanding the difficulty of training deep feedforward neural networks." 
Proceedings of the thirteenth international conference on artificial intelligence and statistics. 2010.

Method:  
!
Step 1: Initialize weights from Gaussian or uniform distribution with (previous slide)  

Step 2: Scale the weights proportional to the number of inputs to the layer !

(For the Þrst hidden layer, that is the number of features in the dataset; 
for the second hidden layer, that is the number of units in the 1st hidden layer 
etc.)
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Weight Initialization -- Xavier Initialization
Glorot, Xavier, and Yoshua Bengio. "Understanding the difficulty of training deep feedforward neural networks." 
Proceedings of the thirteenth international conference on artificial intelligence and statistics. 2010.

Method:  

Scale the weights proportional to the number of inputs to the layer !

In particular, scale as follows:

e.g.,

where m is the number of 
input units to the next 

layer

Wi,j
( l ) ! N (µ = 0 , ! 2 = 0 .01)

<latexit sha1_base64="ZrTHYvjwi47FrFfNBvRI/WVln+U=">AAACFnicbVDLSgMxFM34rPVVdekmWIQWapmpgm4KRTeupIJ9QDsdMmnaxiaZIckIZZivcOOvuHGhiFtx59+YPhbaeiDk5Jx7ubnHDxlV2ra/raXlldW19dRGenNre2c3s7dfV0EkManhgAWy6SNFGBWkpqlmpBlKgrjPSMMfXo39xgORigbiTo9C4nLUF7RHMdJG8jInccOLaQHeJ0knzrF8AtuKcniTa/OobBfGrz5HnVLZLtpO3stkzT0BXCTOjGTBDFUv89XuBjjiRGjMkFItxw61GyOpKWYkSbcjRUKEh6hPWoYKxIly48laCTw2Shf2AmmO0HCi/u6IEVdqxH1TyZEeqHlvLP7ntSLdu3BjKsJIE4Gng3oRgzqA44xgl0qCNRsZgrCk5q8QD5BEWJsk0yYEZ37lRVIvFZ3TYun2LFu5nMWRAofgCOSAA85BBVyDKqgBDB7BM3gFb9aT9WK9Wx/T0iVr1nMA/sD6/AEMIpy9</latexit>

(or uniform distr. in a Þxed interval, as in the original paper)

W(l) := W(l) á

r
1

m(l�1)
<latexit sha1_base64="izNCHW0oRgGvptGbBmEcdToHyaY=">AAACL3icbVDLSgMxFM3Ud32NunQTLEK7sMyooAiCKIjLCtYKnbFk0owNzTxM7gglzB+58VfciCji1r8w03ah1gOBwzn3cnNOkAquwHFerdLU9Mzs3PxCeXFpeWXVXlu/VkkmKWvSRCTyJiCKCR6zJnAQ7CaVjESBYK2gf1b4rQcmFU/iKxikzI/IXcxDTgkYqWOfexGBXhDqVn6rq6KW46NjjCdEj3YTwJ66l6C9UBKq3VxHhbnj1vI879gVp+4MgSeJOyYVNEajYz973YRmEYuBCqJU23VS8DWRwKlgednLFEsJ7ZM71jY0JhFTvh7mzfG2Ubo4TKR5MeCh+nNDk0ipQRSYySKI+usV4n9eO4Pw0Nc8TjNgMR0dCjOBIcFFebjLJaMgBoYQKrn5K6Y9YuoAU3HZlOD+jTxJrnfr7l5993K/cnI6rmMebaItVEUuOkAn6AI1UBNR9Iie0Rt6t56sF+vD+hyNlqzxzgb6BevrG+JJqP0=</latexit>
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Weight Initialization -- Xavier Initialization
Glorot, Xavier, and Yoshua Bengio. "Understanding the difficulty of training deep feedforward neural networks." 
Proceedings of the thirteenth international conference on artificial intelligence and statistics. 2010.

e.g.,

Sidenote: If you didn't initialize the bias units to all zeros, also include those 
in the scaling.

Wi,j
( l ) ! N (µ = 0 , ! 2 = 0 .01)
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(or uniform distr. in a Þxed interval, as in the original paper)

W(l) := W(l) á

r
1

m(l�1)
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Weight Initialization -- Xavier Initialization
Glorot, Xavier, and Yoshua Bengio. "Understanding the difficulty of training deep feedforward neural networks." 
Proceedings of the thirteenth international conference on artificial intelligence and statistics. 2010.

e.g.,

Rationale behind this scaling:  
Variance of the sample (between data points, not variance of the mean)!
linearly increases as the sample size increases (variance of the sum of 
independent variables is the sum of the variances); square root for standard 
deviation

Wi,j
( l ) ! N (µ = 0 , ! 2 = 0 .01)
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(or uniform distr. in a Þxed interval, as in the original paper)

W(l) := W(l) á

r
1

m(l�1)
<latexit sha1_base64="izNCHW0oRgGvptGbBmEcdToHyaY=">AAACL3icbVDLSgMxFM3Ud32NunQTLEK7sMyooAiCKIjLCtYKnbFk0owNzTxM7gglzB+58VfciCji1r8w03ah1gOBwzn3cnNOkAquwHFerdLU9Mzs3PxCeXFpeWXVXlu/VkkmKWvSRCTyJiCKCR6zJnAQ7CaVjESBYK2gf1b4rQcmFU/iKxikzI/IXcxDTgkYqWOfexGBXhDqVn6rq6KW46NjjCdEj3YTwJ66l6C9UBKq3VxHhbnj1vI879gVp+4MgSeJOyYVNEajYz973YRmEYuBCqJU23VS8DWRwKlgednLFEsJ7ZM71jY0JhFTvh7mzfG2Ubo4TKR5MeCh+nNDk0ipQRSYySKI+usV4n9eO4Pw0Nc8TjNgMR0dCjOBIcFFebjLJaMgBoYQKrn5K6Y9YuoAU3HZlOD+jTxJrnfr7l5993K/cnI6rmMebaItVEUuOkAn6AI1UBNR9Iie0Rt6t56sF+vD+hyNlqzxzgb6BevrG+JJqP0=</latexit>
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Weight Initialization -- Xavier Initialization
Glorot, Xavier, and Yoshua Bengio. "Understanding the difficulty of training deep feedforward neural networks." 
Proceedings of the thirteenth international conference on artificial intelligence and statistics. 2010.

Rationale behind this scaling:  
Variance of the sample (between data points, not variance of the mean)!
linearly increases as the sample size increases (variance of the sum of 
independent variables is the sum of the variances); square root for standard 
deviation
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Xavier Initialization in PyTorch

...
self .linear = torch.nn.Linear(...)
torch.nn.init.xavier_uniform_(conv1.weight)
...

...
def  weights_init (m):
    if  isinstance (m, nn.Linear):
        torch.nn.init.xavier_uniform_(m.weight)
        torch.nn.init.xavier_uniform_(m.bias)

model.apply(weights_init)
...

Semi-Automatic:

More conveniently for all weights in e.g., fully-connected layers:
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Weight Initialization -- Xavier Initialization

W(l) := W(l) ·
r

1

m[l�1]
<latexit sha1_base64="oPuJLBzfUCNgUUxhWs6eByv4t9g="></latexit>

Again, some DL jargon: This is sometimes called "fan in" 
(= number of inputs to a layer)
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Weight Initialization -- Xavier Initialization

W(l) := W(l) ·
r

1

m[l�1]
<latexit sha1_base64="oPuJLBzfUCNgUUxhWs6eByv4t9g="></latexit>
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Xavier Glorot, Yoshua Bengio

training pairs(x, y) and used to update parameters! in that
direction, with! ! ! " "g. The learning rate" is a hyper-
parameter that is optimized based on validation set error
after a large number of updates (5 million).

We varied the type of non-linear activation function in the
hidden layers: the sigmoid1/ (1 + e! x ), the hyperbolic
tangenttanh(x), and a newly proposed activation func-
tion (Bergstra et al., 2009) called the softsign,x/ (1 + |x|).
The softsign is similar to the hyperbolic tangent (its range
is -1 to 1) but its tails are quadratic polynomials rather
than exponentials, i.e., it approaches its asymptotes much
slower.

In the comparisons, we search for the best hyper-
parameters (learning rate and depth) separately for each
model. Note that the best depth was always Þve for
Shapeset-3 # 2, except for the sigmoid, for which it was
four.

We initialized the biases to be 0 and the weightsWij at
each layer with the following commonly used heuristic:

Wij $ U
!

"
1

%
n

,
1

%
n

"
, (1)

whereU[" a, a] is the uniform distribution in the interval
(" a, a) andn is the size of the previous layer (the number
of columns ofW ).

3 Effect of Activation Functions and
Saturation During Training

Two things we want to avoid and that can be revealed from
the evolution of activations is excessive saturation of acti-
vation functions on one hand (then gradients will not prop-
agate well), and overly linear units (they will not compute
something interesting).

3.1 Experiments with the Sigmoid

The sigmoid non-linearity has been already shown to slow
down learning because of its none-zero mean that induces
important singular values in the Hessian (LeCun et al.,
1998b). In this section we will see another symptomatic
behavior due to this activation function in deep feedforward
networks.

We want to study possible saturation, by looking at the evo-
lution of activations during training, and the Þgures in this
section show results on theShapeset-3 # 2 data, but sim-
ilar behavior is observed with the other datasets. Figure 2
shows the evolution of the activation values (after the non-
linearity) at each hidden layer during training of a deep ar-
chitecture with sigmoid activation functions. Layer 1 refers
to the output of Þrst hidden layer, and there are four hidden
layers. The graph shows the means and standard deviations
of these activations. These statistics along with histograms
are computed at different times during learning, by looking
at activation values for a Þxed set of 300 test examples.

Figure 2:Mean and standard deviation (vertical bars) of the
activation values (output of the sigmoid) during supervised
learning, for the different hidden layers of a deep archi-
tecture. The top hidden layer quickly saturates at 0 (slow-
ing down all learning), but then slowly desaturates around
epoch 100.

We see that very quickly at the beginning, all the sigmoid
activation values of the last hidden layer are pushed to their
lower saturation value of0. Inversely, the others layers
have a mean activation value that is above 0.5, and decreas-
ing as we go from the output layer to the input layer. We
have found that this kind of saturation can last very long in
deeper networks with sigmoid activations, e.g., the depth-
Þve model never escaped this regime during training. The
big surprise is that for intermediate number of hidden lay-
ers (here four), the saturation regime may be escaped. At
the same time that the top hidden layer moves out of satura-
tion, the Þrst hidden layer begins to saturate and therefore
to stabilize.

We hypothesize that this behavior is due to the combina-
tion of random initialization and the fact that an hidden unit
output of 0 corresponds to a saturated sigmoid. Note that
deep networks with sigmoids but initialized from unsuper-
vised pre-training (e.g. from RBMs) do not suffer from
this saturation behavior. Our proposed explanation rests on
the hypothesis that the transformation that the lower layers
of the randomly initialized network computes initially is
not useful to the classiÞcation task, unlike the transforma-
tion obtained from unsupervised pre-training. The logistic
layer outputsoftmax(b+ Wh) might initially rely more on
its biasesb(which are learned very quickly) than on the top
hidden activationsh derived from the input image (because
h would vary in ways that are not predictive ofy, maybe
correlated mostly with other and possibly more dominant
variations ofx). Thus the error gradient would tend to
pushWh towards 0, which can be achieved by pushing
h towards 0. In the case of symmetric activation functions
like the hyperbolic tangent and the softsign, sitting around
0 is good because it allows gradients to ßow backwards.
However, pushing the sigmoid outputs to 0 would bring
them into a saturation regime which would prevent gradi-
ents to ßow backward and prevent the lower layers from
learning useful features. Eventually but slowly, the lower
layers move toward more useful features and the top hidden
layer then moves out of the saturation regime. Note how-
ever that, even after this, the network moves into a solution
that is of poorer quality (also in terms of generalization)

Glorot, Xavier, and Yoshua Bengio. "Understanding the difficulty of training deep feedforward neural networks." 
Proceedings of the thirteenth international conference on artificial intelligence and statistics. 2010.

From the original paper: However, in practice, some people also!
use "fan in" + "fan out" in the denominator, 
and it works Þne
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W(l) := W(l) ·
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training pairs(x, y) and used to update parameters! in that
direction, with! ! ! " "g. The learning rate" is a hyper-
parameter that is optimized based on validation set error
after a large number of updates (5 million).

We varied the type of non-linear activation function in the
hidden layers: the sigmoid1/ (1 + e! x ), the hyperbolic
tangenttanh(x), and a newly proposed activation func-
tion (Bergstra et al., 2009) called the softsign,x/ (1 + |x|).
The softsign is similar to the hyperbolic tangent (its range
is -1 to 1) but its tails are quadratic polynomials rather
than exponentials, i.e., it approaches its asymptotes much
slower.

In the comparisons, we search for the best hyper-
parameters (learning rate and depth) separately for each
model. Note that the best depth was always Þve for
Shapeset-3 # 2, except for the sigmoid, for which it was
four.

We initialized the biases to be 0 and the weightsWij at
each layer with the following commonly used heuristic:

Wij $ U
!

"
1

%
n

,
1

%
n

"
, (1)

whereU[" a, a] is the uniform distribution in the interval
(" a, a) andn is the size of the previous layer (the number
of columns ofW ).

3 Effect of Activation Functions and
Saturation During Training

Two things we want to avoid and that can be revealed from
the evolution of activations is excessive saturation of acti-
vation functions on one hand (then gradients will not prop-
agate well), and overly linear units (they will not compute
something interesting).

3.1 Experiments with the Sigmoid

The sigmoid non-linearity has been already shown to slow
down learning because of its none-zero mean that induces
important singular values in the Hessian (LeCun et al.,
1998b). In this section we will see another symptomatic
behavior due to this activation function in deep feedforward
networks.

We want to study possible saturation, by looking at the evo-
lution of activations during training, and the Þgures in this
section show results on theShapeset-3 # 2 data, but sim-
ilar behavior is observed with the other datasets. Figure 2
shows the evolution of the activation values (after the non-
linearity) at each hidden layer during training of a deep ar-
chitecture with sigmoid activation functions. Layer 1 refers
to the output of Þrst hidden layer, and there are four hidden
layers. The graph shows the means and standard deviations
of these activations. These statistics along with histograms
are computed at different times during learning, by looking
at activation values for a Þxed set of 300 test examples.

Figure 2:Mean and standard deviation (vertical bars) of the
activation values (output of the sigmoid) during supervised
learning, for the different hidden layers of a deep archi-
tecture. The top hidden layer quickly saturates at 0 (slow-
ing down all learning), but then slowly desaturates around
epoch 100.

We see that very quickly at the beginning, all the sigmoid
activation values of the last hidden layer are pushed to their
lower saturation value of0. Inversely, the others layers
have a mean activation value that is above 0.5, and decreas-
ing as we go from the output layer to the input layer. We
have found that this kind of saturation can last very long in
deeper networks with sigmoid activations, e.g., the depth-
Þve model never escaped this regime during training. The
big surprise is that for intermediate number of hidden lay-
ers (here four), the saturation regime may be escaped. At
the same time that the top hidden layer moves out of satura-
tion, the Þrst hidden layer begins to saturate and therefore
to stabilize.

We hypothesize that this behavior is due to the combina-
tion of random initialization and the fact that an hidden unit
output of 0 corresponds to a saturated sigmoid. Note that
deep networks with sigmoids but initialized from unsuper-
vised pre-training (e.g. from RBMs) do not suffer from
this saturation behavior. Our proposed explanation rests on
the hypothesis that the transformation that the lower layers
of the randomly initialized network computes initially is
not useful to the classiÞcation task, unlike the transforma-
tion obtained from unsupervised pre-training. The logistic
layer outputsoftmax(b+ Wh) might initially rely more on
its biasesb(which are learned very quickly) than on the top
hidden activationsh derived from the input image (because
h would vary in ways that are not predictive ofy, maybe
correlated mostly with other and possibly more dominant
variations ofx). Thus the error gradient would tend to
pushWh towards 0, which can be achieved by pushing
h towards 0. In the case of symmetric activation functions
like the hyperbolic tangent and the softsign, sitting around
0 is good because it allows gradients to ßow backwards.
However, pushing the sigmoid outputs to 0 would bring
them into a saturation regime which would prevent gradi-
ents to ßow backward and prevent the lower layers from
learning useful features. Eventually but slowly, the lower
layers move toward more useful features and the top hidden
layer then moves out of the saturation regime. Note how-
ever that, even after this, the network moves into a solution
that is of poorer quality (also in terms of generalization)

Glorot, Xavier, and Yoshua Bengio. "Understanding the difficulty of training deep feedforward neural networks." 
Proceedings of the thirteenth international conference on artificial intelligence and statistics. 2010.

From the original paper:

However, in practice, some people also!
use "fan in" + "fan out" in the denominator, 
and it works Þne
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Figure 5: Cross entropy (black, surface on top) and
quadratic (red, bottom surface) cost as a function of two
weights (one at each layer) of a network with two layers,
W1 respectively on the Þrst layer andW2 on the second,
output layer.

For a dense artiÞcial neural network using symmetric acti-
vation functionf with unit derivative at 0 (i.e.f 0(0) = 1),
if we write zi for the activation vector of layeri , andsi

the argument vector of the activation function at layeri ,
we havesi = zi W i + bi andzi +1 = f (si ). From these
deÞnitions we obtain the following:

! Cost
! si

k
= f 0(si

k )W i +1
k,•

! Cost
! si +1

(2)

! Cost
! wi

l,k
= zi

l
! Cost

! si
k

(3)

The variances will be expressed with respect to the input,
outpout and weight initialization randomness. Consider
the hypothesis that we are in a linear regime at the initial-
ization, that the weights are initialized independently and
that the inputs features variances are the same (= V ar[x]).
Then we can say that, withni the size of layeri andx the
network input,

f 0(si
k ) ! 1, (4)

V ar[zi ] = V ar[x]
i�1Y

i ! =0

ni ! V ar[W i !
], (5)

We write V ar[W i !
] for the shared scalar variance of all

weights at layeri 0. Then for a network withd layers,

V ar
h ! Cost

! si

i
= V ar

h ! Cost
! sd

i dY

i ! =i

ni ! +1V ar[W i !
], (6)

V ar
h ! Cost

! wi

i
=

i�1Y

i ! =0

ni ! V ar[W i !
]

d�1Y

i ! =i

ni ! +1V ar[W i !
]

" V ar[x]V ar
h ! Cost

! sd

i
.

(7)

From a forward-propagation point of view, to keep infor-
mation ßowing we would like that

#(i, i 0), V ar[zi ] = V ar[zi !
]. (8)

From a back-propagation point of view we would similarly
like to have

#(i, i 0), V ar
h ! Cost

! si

i
= V ar

h ! Cost
! si !

i
. (9)

These two conditions transform to:

#i, n i V ar[W i ] = 1 (10)

#i, n i +1V ar[W i ] = 1 (11)

As a compromise between these two constraints, we might
want to have

#i, V ar [W i ] =
2

ni + ni +1
(12)

Note how both constraints are satisÞed when all layers have
the same width. If we also have the same initialization for
the weights we could get the following interesting proper-
ties:

#i, V ar
h ! Cost

! si

i
=

h
nV ar[W ]

id�i
V ar[x] (13)

#i, V ar
h ! Cost

! wi

i
=

h
nV ar[W ]

id
V ar[x]V ar

h ! Cost
! sd

i

(14)

We can see that the variance of the gradient on the weights
is the same for all layers, but the variance of the back-
propagated gradient might still vanish or explode as we
consider deeper networks. Note how this is reminis-
cent of issues raised when studying recurrent neural net-
works (Bengio et al., 1994), which can be seen as very deep
networks when unfolded through time.

The standard initialization that we have used (eq.1) gives
rise to variance with the following property:

nV ar[W ] =
1
3

(15)

wheren is the layer size (assuming all layers of the same
size). This will cause the variance of the back-propagated
gradient to be dependent on the layer (and decreasing).

The normalization factor may therefore be important when
initializing deep networks because of the multiplicative ef-
fect through layers, and we suggest the following initializa-
tion procedure to approximately satisfy our objectives of
maintaining activation variances and back-propagated gra-
dients variance as one moves up or down the network. We
call it thenormalized initialization :

W $ U
h

%

&
6

&
nj + nj +1

,

&
6

&
nj + nj +1

i
(16)

Also from the original paper:
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Weight Initialization -- Xavier Initialization
There are many variants used in di!erent frameworks:

Source: https://www.tensorßow.org/api_docs/python/tf/glorot_uniform_initializer
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Weight Initialization -- Xavier Initialization
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4.2.2 Gradient Propagation Study

To empirically validate the above theoretical ideas, we have
plotted some normalized histograms of activation values,
weight gradients and of the back-propagated gradients at
initialization with the two different initialization methods.
The results displayed (Figures 6, 7 and 8) are from exper-
iments onShapeset-3 ! 2, but qualitatively similar results
were obtained with the other datasets.

We monitor the singular values of the Jacobian matrix as-
sociated with layeri :

J i =
! zi+1

! zi
(17)

When consecutive layers have the same dimension, the av-
erage singular value corresponds to the average ratio of in-
Þnitesimal volumes mapped fromzi to zi+1 , as well as
to the ratio of average activation variance going fromzi

to zi+1 . With our normalized initialization, this ratio is
around0.8 whereas with the standard initialization, it drops
down to0.5.

Figure 6: Activation values normalized histograms with
hyperbolic tangent activation, with standard (top) vs nor-
malized initialization (bottom). Top: 0-peak increases for
higher layers.

4.3 Back-propagated Gradients During Learning

The dynamic of learning in such networks is complex and
we would like to develop better tools to analyze and track
it. In particular, we cannot use simple variance calculations
in our theoretical analysis because the weights values are
not anymore independent of the activation values and the
linearity hypothesis is also violated.

As Þrst noted by Bradley (2009), we observe (Figure 7) that
at the beginning of training, after the standard initializa-
tion (eq. 1), the variance of the back-propagated gradients
gets smaller as it is propagated downwards. However we
Þnd that this trend is reversed very quickly during learning.
Using our normalized initialization we do not see such de-
creasing back-propagated gradients (bottom of Figure 7).

Figure 7: Back-propagated gradients normalized his-
tograms with hyperbolic tangent activation, with standard
(top) vs normalized (bottom) initialization. Top: 0-peak
decreases for higher layers.

What was initially really surprising is that even when the
back-propagated gradients become smaller (standard ini-
tialization), the variance of the weights gradients is roughly
constant across layers, as shown on Figure 8. However, this
is explained by our theoretical analysis above (eq. 14). In-
terestingly, as shown in Figure 9, these observations on the
weight gradient of standard and normalized initialization
change during training (here for a tanh network). Indeed,
whereas the gradients have initially roughly the same mag-
nitude, they diverge from each other (with larger gradients
in the lower layers) as training progresses, especially with
the standard initialization. Note that this might be one of
the advantages of the normalized initialization, since hav-
ing gradients of very different magnitudes at different lay-
ers may yield to ill-conditioning and slower training.

Finally, we observe that the softsign networks share simi-
larities with the tanh networks with normalized initializa-
tion, as can be seen by comparing the evolution of activa-
tions in both cases (resp. Figure 3-bottom and Figure 10).

5 Error Curves and Conclusions

The Þnal consideration that we care for is the success
of training with different strategies, and this is best il-
lustrated with error curves showing the evolution of test
error as training progresses and asymptotes. Figure 11
shows such curves with online training onShapeset-3 ! 2,
while Table 1 gives Þnal test error for all the datasets
studied (Shapeset-3 ! 2, MNIST, CIFAR-10, and Small-
ImageNet). As a baseline, we optimized RBF SVM mod-
els on one hundred thousand Shapeset examples and ob-
tained59.47%test error, while on the same set we obtained
50.47%with a depth Þve hyperbolic tangent network with
normalized initialization.

These results illustrate the effect of the choice of activa-
tion and initialization. As a reference we include in Fig-
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then those found with symmetric activation functions, as
can be seen in figure 11.

3.2 Experiments with the Hyperbolic tangent

As discussed above, the hyperbolic tangent networks do not
suffer from the kind of saturation behavior of the top hid-
den layer observed with sigmoid networks, because of its
symmetry around 0. However, with our standard weight
initialization U

h
� 1p

n
, 1p

n

i
, we observe a sequentially oc-

curring saturation phenomenon starting with layer 1 and
propagating up in the network, as illustrated in Figure 3.
Why this is happening remains to be understood.

Figure 3: Top:98 percentiles (markers alone) and standard

deviation (solid lines with markers) of the distribution of

the activation values for the hyperbolic tangent networks in

the course of learning. We see the first hidden layer satu-

rating first, then the second, etc. Bottom: 98 percentiles

(markers alone) and standard deviation (solid lines with

markers) of the distribution of activation values for the soft-

sign during learning. Here the different layers saturate less

and do so together.

3.3 Experiments with the Softsign

The softsign x/(1+|x|) is similar to the hyperbolic tangent
but might behave differently in terms of saturation because
of its smoother asymptotes (polynomial instead of expo-
nential). We see on Figure 3 that the saturation does not
occur one layer after the other like for the hyperbolic tan-
gent. It is faster at the beginning and then slow, and all
layers move together towards larger weights.

We can also see at the end of training that the histogram
of activation values is very different from that seen with
the hyperbolic tangent (Figure 4). Whereas the latter yields
modes of the activations distribution mostly at the extremes
(asymptotes -1 and 1) or around 0, the softsign network has
modes of activations around its knees (between the linear
regime around 0 and the flat regime around -1 and 1). These
are the areas where there is substantial non-linearity but

where the gradients would flow well.

Figure 4: Activation values normalized histogram at the

end of learning, averaged across units of the same layer and

across 300 test examples. Top: activation function is hyper-

bolic tangent, we see important saturation of the lower lay-

ers. Bottom: activation function is softsign, we see many

activation values around (-0.6,-0.8) and (0.6,0.8) where the

units do not saturate but are non-linear.

4 Studying Gradients and their Propagation

4.1 Effect of the Cost Function

We have found that the logistic regression or conditional
log-likelihood cost function (� log P (y|x) coupled with
softmax outputs) worked much better (for classification
problems) than the quadratic cost which was tradition-
ally used to train feedforward neural networks (Rumelhart
et al., 1986). This is not a new observation (Solla et al.,
1988) but we find it important to stress here. We found that
the plateaus in the training criterion (as a function of the pa-
rameters) are less present with the log-likelihood cost func-
tion. We can see this on Figure 5, which plots the training
criterion as a function of two weights for a two-layer net-
work (one hidden layer) with hyperbolic tangent units, and
a random input and target signal. There are clearly more
severe plateaus with the quadratic cost.

4.2 Gradients at initialization

4.2.1 Theoretical Considerations and a New
Normalized Initialization

We study the back-propagated gradients, or equivalently
the gradient of the cost function on the inputs biases at each
layer. Bradley (2009) found that back-propagated gradients
were smaller as one moves from the output layer towards
the input layer, just after initialization. He studied networks
with linear activation at each layer, finding that the variance
of the back-propagated gradients decreases as we go back-
wards in the network. We will also start by studying the
linear regime.

Exploding gradient problem!
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4.2.2 Gradient Propagation Study

To empirically validate the above theoretical ideas, we have
plotted some normalized histograms of activation values,
weight gradients and of the back-propagated gradients at
initialization with the two different initialization methods.
The results displayed (Figures 6, 7 and 8) are from exper-
iments onShapeset-3 ! 2, but qualitatively similar results
were obtained with the other datasets.

We monitor the singular values of the Jacobian matrix as-
sociated with layeri :

J i =
! zi+1

! zi
(17)

When consecutive layers have the same dimension, the av-
erage singular value corresponds to the average ratio of in-
Þnitesimal volumes mapped fromzi to zi+1 , as well as
to the ratio of average activation variance going fromzi

to zi+1 . With our normalized initialization, this ratio is
around0.8 whereas with the standard initialization, it drops
down to0.5.

Figure 6: Activation values normalized histograms with
hyperbolic tangent activation, with standard (top) vs nor-
malized initialization (bottom). Top: 0-peak increases for
higher layers.

4.3 Back-propagated Gradients During Learning

The dynamic of learning in such networks is complex and
we would like to develop better tools to analyze and track
it. In particular, we cannot use simple variance calculations
in our theoretical analysis because the weights values are
not anymore independent of the activation values and the
linearity hypothesis is also violated.

As Þrst noted by Bradley (2009), we observe (Figure 7) that
at the beginning of training, after the standard initializa-
tion (eq. 1), the variance of the back-propagated gradients
gets smaller as it is propagated downwards. However we
Þnd that this trend is reversed very quickly during learning.
Using our normalized initialization we do not see such de-
creasing back-propagated gradients (bottom of Figure 7).

Figure 7: Back-propagated gradients normalized his-
tograms with hyperbolic tangent activation, with standard
(top) vs normalized (bottom) initialization. Top: 0-peak
decreases for higher layers.

What was initially really surprising is that even when the
back-propagated gradients become smaller (standard ini-
tialization), the variance of the weights gradients is roughly
constant across layers, as shown on Figure 8. However, this
is explained by our theoretical analysis above (eq. 14). In-
terestingly, as shown in Figure 9, these observations on the
weight gradient of standard and normalized initialization
change during training (here for a tanh network). Indeed,
whereas the gradients have initially roughly the same mag-
nitude, they diverge from each other (with larger gradients
in the lower layers) as training progresses, especially with
the standard initialization. Note that this might be one of
the advantages of the normalized initialization, since hav-
ing gradients of very different magnitudes at different lay-
ers may yield to ill-conditioning and slower training.

Finally, we observe that the softsign networks share simi-
larities with the tanh networks with normalized initializa-
tion, as can be seen by comparing the evolution of activa-
tions in both cases (resp. Figure 3-bottom and Figure 10).

5 Error Curves and Conclusions

The Þnal consideration that we care for is the success
of training with different strategies, and this is best il-
lustrated with error curves showing the evolution of test
error as training progresses and asymptotes. Figure 11
shows such curves with online training onShapeset-3 ! 2,
while Table 1 gives Þnal test error for all the datasets
studied (Shapeset-3 ! 2, MNIST, CIFAR-10, and Small-
ImageNet). As a baseline, we optimized RBF SVM mod-
els on one hundred thousand Shapeset examples and ob-
tained59.47%test error, while on the same set we obtained
50.47%with a depth Þve hyperbolic tangent network with
normalized initialization.

These results illustrate the effect of the choice of activa-
tion and initialization. As a reference we include in Fig-
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Weight Initialization -- He Initialization

¥ Assuming activations with mean 0, which is reasonable, Xavier Initialization assumes 
a derivative of 1 for the activation function (which is reasonable for tanH) 

¥ For ReLU, this is di!erent, as the activations are not centered at zero anymore 

¥ He initialization takes this into account (to see that worked out in math, see the 
paper) 

¥ The result is that we add a scaling factor of 20.5

W (l ) := W (l ) á

!
2

m[l ! 1]
<latexit sha1_base64="JA0sAF6lHNr9Lk9gnRCh27gQgh0="></latexit>

He, Kaiming, Xiangyu Zhang, Shaoqing Ren, and Jian Sun. "Delving deep into rectifiers: Surpassing human-level 
performance on imagenet classification." In Proceedings of the IEEE international conference on computer vision, pp. 
1026-1034. 2015.
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Weight Initialization -- He Initialization

¥ Assuming activations with mean 0, which is reasonable, Xavier Initialization assumes 
a derivative of 1 for the activation function (which is reasonable for tanH) 

¥ For ReLU, this is di!erent, as the activations are not centered at zero anymore 

¥ He initialization takes this into account (to see that worked out in math, see the 
paper) 

¥ The result is that we add a scaling factor of 20.5

W (l ) := W (l ) á

!
2

m[l ! 1]
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He, Kaiming, Xiangyu Zhang, Shaoqing Ren, and Jian Sun. "Delving deep into rectifiers: Surpassing human-level 
performance on imagenet classification." In Proceedings of the IEEE international conference on computer vision, pp. 
1026-1034. 2015.

For Leaky ReLU with negative slope alpha:

W(l) := W(l) ·

s
2

(1 + ↵2) ·m[l�1]
<latexit sha1_base64="nmIrqfSWhgxRMvGjHEqbVjdrPHo="></latexit>



Sebastian Raschka           STAT 479: Deep Learning            SS 2019 !64

PyTorch Default Weights

PyTorch uses the following scheme by default, which is 
somewhat similar to Xavier initialization, and works ok 
in practice most of the time
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Note that if BatchNorm is used,!
initial feature weight choice is less important anyway


